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Abstract

We consider a randomized selection algorithm that has n
initial participants and a moderator. In eac round of the
process, eacth participant and the moderator throw a bi-
asedcoin. Only the participants who throw the sameresult
as the moderator stay in the game for subsequern rounds.
With probability 1, all participants are eliminated in nitely
many rounds. We let M, denote the number of participants
remaining in the game in the last nontrivial round. This
simple algorithm has surprisingly many interesting applica-
tions. In particular, it models (asymptotically) the number
of longest pre xes in the Lempel{Ziv '77 data compression
scheme. Such multiplicit y wasusedrecertly in [13] to design
an error-resilient LZ'77 scheme.

We give precise asymptotic characteristics of the jth
factorial moment of M, for all j 2 N. Also, we presert
a detailed asymptotic description of the exponertial gener-
ating function for M. In particular, we exhibit periodic
uctuation in the distribution of M, and we prove that no
limiting distribution exists (however, we obsene that the
asymptotic distribution follows the logarithmic series dis-
tribution plus some uctuations). The results we develop
are proved by probabilistic and analytical techniques of the
analysis of algorithms. In particular, we utilize recurrence
relations, analytical poissonization and depoissonization, the
Mellin transform, and complex analysis.

1 Intro duction.

We considera randomized selectionalgorithm that has
n initial participants and a moderator. At the outset,
n participants and one moderator are presert. Each
has a biased coin with probability p of showing heads
when ipp ed, and we write q= 1 p. At ead stage of
the selectionprocess,the moderator ips its coin once;
participants remain for subsequeh rounds if and only if
their result agreeswith the moderator's result. Note
that all participants are eliminated in nitely many
rounds with probability 1. We let M, denote the
number of participants remaining in the last nontrivial
round (i.e., the nal round in which some participants
still remain). Equivalent descriptions of the algorithm
are givenin the next section.

Briey we explain the algorithm in terms of tries.
Consider a trie built from strings of 0's and 1's drawn
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from an i.i.d. source. We restrict attention to the situ-
ation where n such strings have already been inserted
into a trie. When the (n + 1)-st string is inserted into
the trie, M, denotesthe size of the subtree that starts
at the insertion point of this new string.

The results of our analysisof M, yield information
about the redundancy in the LZ'77 algorithm [18]. In

next phraseis the longest pre x of the uncompressed
sequenceX .1 ; Xn+2 ;. that occurs at least oncein

be found by building a sux tree from the training
sequenceand inserting the (n + 1)-st sux into the
tree. The depth of insertion is the length of the next
LZ'77 phrase and the size of the subtree starting at
the insertion point represers the number of potential
phrases(i.e., any phrase can be chosenfor encaling).
The latter quantity is asymptotically equivalent to
our M, (constructed for independent tries) with an
error bound of O(logn=n) (cf. [9, 16]). Finally, we
obsene that multiplicit y of LZ'77 phrasesis used in
Lonardi and Szpankowski [13]to designan error resilient
LZ'77 schemecalled LZRS'77 (the \RS" denotesReed-
Solomonerror-correcting coding). Thus preciseanalysis
of M, allows us to obtain detailed information about
the redundancy of LZ'77 and its error resilient version
LZRS'77.

Related problems have been studied. For instance,
supposethe moderator is replaced;instead, participants
remain in the selectionprocessif and only if they throw
heads. Also, if M, 6 1, then the selection process
is deemed inconclusive and the ertire selection pro-
cessis repeated. Finally, H, denotesthe number of
rounds until the selectionprocessdeterminesa conclu-
sive \leader." Prodinger [14] rst posedthis problem
and made a non-trivial analysis, but he consideredfair
(unbiased) coins. Then Fill et. al. [3] found the limit-
ing distribution of the number of rounds, but they also
utilized fair coins. Recerly, Janson and Szpanlowski
[11] gave preciseasymptotic information about E[H ],



Var[H], and the distribution of H,; we note that the
analysisin [11] dealt with biased coins.

A wealth of results have been published that are
pertinent to the methodology developed below (see
especially [4] and [17]). We strongly emphasizethat
these methods are widely applicable to a great variety
of other problems. The preciseasymptotic descriptions
of the distribution of M,, and the factorial momerts
of My should entice others to cortinue utilizing such
methods in studying related problems.

We establishthe asymptotic distribution of M, and
the factorial momerts of M,. Note that a rst order
asymptotic solution for the distribution and the fac-
torial momerts in a cone about the positive x axis is
not too dicult to obtain, but a secondorder asymp-
totic solution is relatively much moredi cult to derive.
Our method is to rst poissonizethe problem. In other
words, we no longer require n to be xed, but instead
we let the number of initial participants in the selection
processbe a random variable that is Poissondistributed
with mean n. Then we utilize the Mellin transform
and analytic methods to obtain asymptotic solutionsin
the Poissonmodel. Finally, we depissonize the results
to obtain the asymptotic distribution and factorial mo-
ments of M,, both accurate to secondorder. Interest-
ingly, whenIn p=In qisrational, we note that the asymp-
totic distribution and factorial momerts of M, exhibit
uctuations. ThereforeM, doesnot have a limiting dis-
tribution or limiting factorial momerts, but we provide
preciseformulas for both quartities. In particular, we
provethat the asymptotic distribution of M, followsthe
logarithmic seriesdistribution (plus some uctuations),
that is, P(Mn = j) (I=h)(P@ P+ @ p'p)=
where h is the entropy rate.

Our results are organizedin the following way: In
the next section, two theorems are given. Theorem 1
provides a preciseasymptotic description of the distri-
bution of M. Then Theorem 2 givesanalogousresults
for the factorial momerts of M,,. Both theorems con-
tain results which are secondorder accurate. Then we
briey discussthe consequencesf the two theorems. In
particular, we elaborate on the uctuations mentioned
above. In the third section,we prove both theorems. As
we just mentioned brie y, our methodology usespois-
sonization. So we utilize a depoissonization lemma of
Jacquet and Szpanlkowski (see[10] and [17]).

2 Main Results.

We rst give a mathematically rigorous formulation
of the problem to be analyzed. Let p be xed with
O< p< 1l andwrite gq=1 p. Dene X(j) to be
the string XX PIx ) where tX @) jirj 2 Ng is
a collection of i.i.d. random variables on f0; 1g, with

Pfx 1) = 0g= p. Let Ij(n) =supfi 0jx:x() =
XM o ("D g In other words, when comparing
the jth and (n + 1)st strings, let Ij(”) denote the length
of the longestcommonpre x of thesetwo strings. Then
dene L, = max q I]-(“). In other words, among the
rst n strings, let L, denote the length of the longest
commonpre x with the (n+ 1)-st string. Finally, de ne
Moo= #fj j1 ] n 1" = Lyg SoMy is the
number of the rst n strings that have a commonpre x
of length L, with the (n + 1)-st string. By convertion,
let Mg = 0. In passingwe obsene that if the strings

Mp is asymptotically equivalent to the multiplicit y of
phrasesin the LZ'77 scheme.

Now we presert the problem from the viewpoint
of tries. The alignment Cj,..;, among K strings

X (jo); X (jk) is the length of the longest common

pre x of the k strings. We obsene that Ij(n) = Cjn +1.
The kth depth D41 (K) in atrie built over n+ 1 strings
is the length of the path from the root of the trie to
the leaf containing the kth string. Note D+ (n+ 1) =

lmax Cin+1 + 1. Therefore L, = Dp+aa(n+ 1) 1.
j n

Thus, in the context of tries, M, = #fj j1 |
N; Cin+1 + 1= Dn+1(n+ 1)g. That is, My is the size
of a subtree starting at the branching point of a new
insertion.

De ne the exponertial generating functions

X
G(z;u) =
n 0

Mo12"
Efu ]m

X
Wi (2) =
n 0

for complexu2 Candj 2 N. If f : C!
recurrencerelation

E[f (Mn)] = p"(af (n)+ pE[f (Mn)D)+ " (pf (n)+ aE[f (Mn)])

K 1
£ Rk (PEIF (Ml + CEIF (M )
k=1

E[Mn)S

C, then the

(2.1)
holds for all n 2 N. If f(0) = 0, then the recurrence
alsoholdswhenn = 0. To verify (2.1), just considerthe

possible values of Xij) for 1 | n+ 1. Two useful
facts follow immediately from this recurrencerelation.
First, if n 2 N, then

E[uM]= p;((qu” + pE[UM"]) + o (pu” + gE[uM"])
£ PG K(PERM ]+ GEUM 4
2.2) .



Also,if j 2 Nandn Othen Theorem 2.2. Letz = &1 8k 2 Z, wher |12 = L

Inp ngq
E[(Mn)1 = p"(ank + pE[(Mn)H]) + o (pnl+ gE[(Mn)H) =

for somerelatively prime r;s2 Z. Then E[uMn]

X1 n . . Moy -  Ain@ pu)+pin(d qu) _
@3 P “(PEIMW+ E[Ma 0 EITTT S H + (logy=p n; U)
k=1
(2.4) 1 g; (log;=, Z; u) +0(n ?)
We derive an asymptotic solution for these recurrence 2 @ z=n

relations using poissonization, the Mellin transform,

and depoissonization; details are given in the next sec- where (tu) = X T it ()
tion. Thesemethods yield the following two theorems. T 60 K
Theorem 2.1. Letz = Z:j]’p‘ 8k 2 Z, where ',[‘]—g =L gl pu) Z+pl qu) * p =gl
for some relatively prime r;s 2 Z (recall that we are p 2L lnp+q z*1Ingq
interestad in the situation where 'I”—p is rational). Then . . . .
na and is the Euler gammafunction. It follows immedi-
_ _ —al + ofa=n) ately that
EMo= ()X RED L og, ) Y yard
1 d? 2 E[UM”] - q_+ puj
in a2 j (log;-;, 2) . +0(n ) i=1 ih | i
L X @ s (zg(par dp)
whee | (t) = i1 xeo i'(p 21 Inp+ q =*1Ing)
X @t (z+]j) pgs " +gp = 14 (25)+ o
k60 p 2+ inp+qg #*ing '
and
and is the Euler gammafunction. : _
_iy - Pa+dp
g ~ PMp=j) = —h
Note that the term 3n g~ j(109;-,2) is X J - ' ‘ _
z=n rilog,_, n i
O(n 1). Note that ; is a periodic function that has + c ——— pﬂ (z)(p q:fl p)(2c)
small magnitude and exhibits uctugtion. For instance, k60 ji(p »*Inp+q =+ Ing)
when p = 1=2 then j ; (1] 'PLZ o 1 ki + O(n Y
The approximate valuesof 1> oo | 2L are (2.6
given below for the rst ten valuesof j. _ o )
Note that is a periodic function that has small
p ‘ magnitude and exhibits uctuaion. For instance, when
i mz oo I Rz p=1=2thenj (tU)] 2 weol( 2ki =I2)
1 1:4260 10 ° 3:1463 10 5. The non- uctuating part of the dis-
2 1:3005 10 * tribution of P(M, = j) follows the logarithmic series
3 1:2072 10 3 distribution, as already mentioned above.
4 1:1527 10 ? If Inp=Inq is irrational and u is xed, then we
5 1:1421 101 obsene (x;u)! Oasx! 1. Thus doesnot exhibit
6 1:1823 1(° uctuation when In p=Inq is irrational.
7 1:2853 10! Remark: We emphasizethat the same method-
8 1:4721 107 ology can be used to obtain even more terms in the
9 1:7798 1C° asymptotic formulae given in the two theorems.
10 2:2737 10°

3 Analysis and Pro ofs.

We note that, if Inp=Inq is irrational, then j(x) ! 0 Now we presert our analytical approadc for proving
asx ! 1. So j doesnot exhibit uctuation when Theoremsland2. Our rst strategy is to poissonizethe
In p=In q is irrational. problem. Then we utilize the Mellin transform and com-

The next result describesthe asymptotic distribu- plex analysis; thus we obtain asymptotic descriptions of
tion of M. the distribution and factorial momerts of M, but we



emphasizethat theseresultsare valid for the poissonizel
model of the problem. We must depoissonizeour results
in orderto nd the asymptotic distribution and factorial
momerts of M, in the original model.

3.1 Poissonization. We rst utilize analytical pois-
sonization. The idea is to replace the xed-size pop-
ulation model (i.e., the model in which the number of
initial participants n in the selection processis xed)
by a poissonizedmodel in which the number of initial
participants is a Poisson random variable with mean
n. This is a ectionately referred to as \p oissonizing"
the problem. So we let the number of initial partic-
ipants in the selection processbe N, a random vari-
able that has Poisson distribution and mean n (i.e.,
P(N = j)= e "ni5jl 8§ 0). We apply the Pois-
son transform to the exponertial generating functions
G(z;u) and W; (z), which yields:

X
6(z;u) =

n 0

M z" z
Efu ]me

and
X
Wi (2) =

n 0

E[Ma) e

By using (2.2) to expand the coe cien ts of z" in

G(z;u) for n 1, we obsene G(z;u) =
oe™” + pe™?  pe”  ge’” + pG(pz; u)e® + qG(gz; u)e:
(3.7)

Similarly, we apply (2.3) to the coe cients of z" in
W (z) forn 1to seethat W;(z) =

a(pz)! € + p(az) €™ + pW, (pz)e™ + W, (gz)e™
(3.8)

forall j 2 N.

We obsene that €(z;u) = G(z;u)e 2. If we
multiply by e % throughout (3.7) and then simplify, we
obtain

G(z;u) =
(3.9)

qe(pu Dz 4 pe(qu 1)z pe pz
+ p6&(pz; u) + q6(gz; u):

ge *

Similarly, from (3.8) we know that if ] 2 N then

Wi(2) = apzy'e * + p(az)' e P* + p; (p2) + oW, (q2):
(3.10)

Note that the functional equations (3.9) and (3.10)
for the poissonizedversions of G(z;u) and W;(z) are
simpler than the corresponding equations(3.7) and (3.8)
from the original (Bernoulli) model. We solve (3.9) and
(3.10) asymptotically for largez 2 R.

3.2 Mellin Transform. If f is a complex-valued
function which is corntinuous on (0;1 ) and is locally
integrable, then the Mellin transform of f is de ned as
Z,
M [f (x);s]=f (s)= f (x)x® dx

(see[5] and page 400 of [17]). Three basic properties of
the Mellin transform are usefulin proving the next two
results. We obsene that

Zl
M[X f(x);s] = X f (x)xS Ldx
= f ()x3* Tdx
0
f(s+])

MIf(xX);s+]]:

If > 0 we also notice

Z,
MI[f(x)s] = f(x)xS tdx
o Z,
= s f(x)xS 1dx
= Sf O(s)= SM [f (x); s]:
Also Z,
M[e *;s]= e *x Sdx= (s):

0

We rst nd the fundamental strip of &(x; u). By (3.9),
we obsene that

&(x; u) qe(PU Dx 4 pe(qu 1)x
+ p6(px; u) + qG(qx;tQ

o k! o k!

X(pok X (o)X
P ko k!

)é( 0 kXO
x)" X)X
+p E[uMn](pn') ( E')
nXO ’ kXO )
)" k
+ q E[UM"](qn') ( E):)

n 0 k 0
Log+g(pu I)x+p+p(qu 1)x
p+ p’x g+ ¢
+ p+ p?ux  p?x + q+ g?ux
asx! O
Dx+1

pe P ge ¥

X
= (u

0, but we want to
0. Sowe replace

We notice that &(x;u) ! 1 asx !
instead have &(x;u) = O(x) as x !
&(x; u) by writing B(x;u) = G(x;u) 1. We expect
G(x;u) = O(1) = O(x°) asx ! 1. Therefore the
fundamerntal strip of @(x; u) includes( 1;0).



We next determine the fundamerntal strip of Wj (x).
By (3.10), we know

i) = apxie ¥+ pgx)e P
+ ply; >(<|OX) + qf/\i () k
= qpo . LES q) O ET)
xk 0 ] k 0 k'
+p E[(Mn)j—](p:,) S
r>1<0 ] k 0 ’ ’
cq Emp T (09
n o ’

a(px)’ + p(ax)l ,»
+ PE[(M, )']“] 4 LM, )'](qx)

asx! 0
sinceE[(My)-]=0 80 n<j
= o)

We expect W, (x) = O(1) = O(x%) asx! 1. So

( j; 0) is the fundamertal strip of ¥, (x).

If u2 R with u < minf1l=p;1=qg and if Re(s) 2
( 1;0) then it follows from (3.9) and the properties of
the Mellin transform given above that ] (s;u) =

(s) g1 pu) *+pl qu) ®
1 p s+1 q s+1

If j 2 N and Re(s) 2 ( j; 0), then by (3.10) and the
properties of the Mellin transform we mentioned, we
seethat

W, (s) =

p s+l q s+l

(s+j) Pg® /"t +dp > ™
1 p s+1 q s+1
We note that the Mellin transform is a special case

of the Fourier transform. So there is an inverse Mellin
transform. Sincef/vj is continuouson (0;1 ), then

1 Z ct+il
W (x) = — W, (s)x sds

2 i c il
if ¢c2 ( ), where (
strip of fN,—. Thus

) is the fundamertal

z I+i1
1 2
W (x)= — W, (s)x sds
21 1@
2

sincec =
8j 2 N.

Similarly

1=2 is in the fundamertal strip of fN,— (x)

Z 1 1
2
S

@(x;u)= 2—1| - ¢ (s;u)x °ds

sincec= 1=2isin the fundamental strip of @(x; u).

3.3 Results for the Poisson Mo del. We are re-
stricting attention to the casewhere In p=In q is ratio-
nal. Thus we can write Inp=Inq = r=t for somerela-
tively primer;t 2 Z. Then, by atheorem of Jacquetand
Schachinger (seepage 356 of [17]),,we know that the sgt

of poles of W, (s)x ° is exactly z = ailjk2z .

We alsoobsenethat fNj (s)x S hassimple polesat eath
zx. Now we assumethat u 6 1. Then & (s;u)x S has
the sameset of polesas Wj (s)x ®, ead of which is a
simple pole.

Let T, denote the line segmen from % iA to
5 + 1A in the complex plane, where A is a large real
number. Let T, denote the line segmemn from % + iA
to M + iA. Let T3 denotethe line segmen from M + iA
toM iA. Let T4 denotethe line segmen from M A
to 3 iA. Nowweclaim that, if j 2 Nandz = 2,";—']
then

X
W (x) =

k2z

1

Resfv; (s)x %5 z]+ O(x M):
(3.11)

Using the Cauchy residuetheorem[1], integrating clock-
wise around the curve described by Ti;To; Ts; T4, we
have

1 z 1+i1
Wx) = 5 W, (s)x sds
| ]%- Z
= lim — Wj (s)x 3ds
AL 20 1
X
= lim Resfv; (s)x ®; z= a]
' z Z Z
— + + fNj (s)x Sds
A A A

wherethe sum is taken over all polesa; of f/\/j (s)x Sin
the region bounded by T1; Ty; T3; Ta.

By the smallnessproperty of the Mellin transform
(seepage 402 of [17]), we obsene that
Z z

+ W, (s)x sds= oA )

Ts

1

27 .

We also obsene (seepage 408 of [17]) that

L Z
- S
o W(s)x ds
1ZM il
—_ S
= 5T W, (s)x sds
Zl
- L W, (M +it)x M ds
210 4 7
1
x M=2 W, (M +it) ds



= O(x M)y:

Combining theseresults provesthe claim madein (3.11).
The samereasoningshows that

X

d(x;u) = Red® (s;u)x 3; zJ+ O(x M):
k2zZ

(3.12)

We make the obsenation that

X % = x 2kr i=lnp  — expln X2kr i=In (1=p)
= exp Inx®" '=In(1=p)
- e2kr i Iog1=p x:

Using this obsenation, we claim that if j 2 N then

} = j+ = l
00 = (IR TRER L 0, )+ 0x M)
(3.13)
whereh = plnp glnq denotesentropy and where
j(t)=

X e2kr it(zk+j) piqzk j+l+qu z j+l
p z+1 In p+ q z+1 |nq

k60

To prove the claim, we rst obsenethat, if k 2 Z, then

Resfv; (s)x °; z]
= x % Res[/\/j (s); z]
- e2kr ilog,-, X ( Z + J)
pg 1"t +gp z i*
pz*inp+qg z*ing °

Now the claim madein (3.13) follows immediately from
(3.11).
Now we claim that

qin(1 pu)+ pin(l qu)

@(x; u) H
(3.14) 1+ (log;,x;u)+ O(x M)
whereh = plnp glnq denotesentropy and where
(tu)=
e2kr it (Zk)
k60
q(1 pu) *+pl qu) * p T g

pz*linp+q %*lIng
The proof is similar to the proof of (3.13). If k 6 0 then
Resf® (s;u)x °; z]
= X *Resf8 (s;u); z]
- e2kr ilog1=p X
((z«)

p zx +1 In p+ q zx+1 Inq

(1 pu) *+p@ qu) *

p zx+1 q Zk+l)
Now we compute Resﬂ? (s;u)x S; zo]. We rst obsene
that
(s) g1 pu) *+pd qu*®> p=*t g

(s T+ O@)( qin(@ pu)s pin@ qu)s
+ pin(p)s + gln (g)s + O(s?))
qin(l pu) pin(d qu)
+ plnp+ glng+ O(s):

It follows that

x “°Resf8 (s;u); zo]
gin(I pu)+pin(l qu)
h

Red® (s;u)x S z]

+ 1.

Combining theseresults, the claim given in (3.14) now
follows from (3.12).
As an immediate corollary of (3.14), we seethat

gin(@ pu)+pin(l qu)
h
+ (logy-p x;u) + O(x M):

&(x; u)

We note that, if In p=In qis irrational and u is xed,
then j(x)! Oand (x;u)! Oasx! 1. Thus ; and
do not exhibit uctuation whenIn p=In qis irrational.

3.4 Dep oissonization. Recall that, in the original
problem statemert, n is a large, xed integer. Most
of our analysis has utilized a model where n is a Pois-
sonrandom variable. Therefore, to obtain results about
the problem we originally stated, it is necessaryto de-
poissonizeour results. We utilize the depoissonization
techniquesdiscussedn [10] and Chapter 100f [17], espe-
cially the DepoissonizationLemma, to prove Theorems
1and 2.

For the reader conveniencewe recall here somede-
poissonization results of [10]. Recall that a measur-
able function :(0;1) ! (0;1) is slowly varying if

(tx)= (x)! 1asx! 1 forevery xed t> 0.

Theorem 3.1. Assumethat 6(z) = P ﬁzo gn%e Zis
a Poissontransform of a sequen& g, which is an entire
function of a complex variable z. Suppse that there
exist real constants a < 1, , 2 (0; =2), ¢, Co
and zp, and a slowly varying function  such that the

following conditions hold, where S is the cone S =
fz: jarg(z)j o
() Forall z2 S with jzj 2z,

(3.15) 6@ «aizj (izj);



(O) For all zZS with jzj 2z,
(3.16) i6(2)€] ceM:

Then for n 1,

(3.17) g =6n)+0n ! (n

More precisely,

(3.18) gh = 6(n) in&(n)+0O n 2 (n)

The \Big-Oh" terms in (3.17) and (3.18) are uniform
for any family of entire functions & that satisfy the
conditions with the samea, , , ¢, ¢, Zo and

Now, we are in a position to depoissonize our
results. By (3.13), it follows that

(i )q(p=0)' ; p(a=p)’

+ j(log;, 2) + O(z ™)

( j)q(|o=CD‘ ; ple=p) ; (log;., 2)

+0O(jzj M)
0(1)

W (2)]

sincej jj is uniformly boundedon C.
By (3.14), we seethat

qin(l pu)+pin(l qu)
h
+ (log;,z;u) + O(z M)

gin(1 pu)+ pin(l qu)
h
+  (logy=p z;u) + O(jzj M)
0(1)

i6(z; u)j

whenu is xed sincej j is uniformly boundedon C.

We dene (z) = 1 8z and note is a slow-
ing varying function (i.e., :(@©0;1)! (0;1) and
(tx)= (x)! lasx! 1 forewery xed t> 0). Also

there exist real-valued constarts cv; Gwm ; Zm; Zjm
such that

W @i g izi® (z)

8z2S _,="fz : jarg(2)] =4g with jzj zm , and
iG(z;u)j  cuizi® (iz)

822 S, =fz jarg(z)j =4g with jz] Zy .

So condition (I) of Theorem 3.1 is satis ed. It follows
immediately by Theorem 10.4of [17] that condition (O)

of [17] (seepage456)is alsosatis ed. Soby Theorem3.1
it follows that Theorems1 and 2 hold, as claimed.

To seethat (2.5) follows from (2.4), consider the
following. From (2.4), we have E[uMn] =

gin(l pu)+pin(l qu)
h
(log;—, n;u) + O(n 1):

(3.19)E[uMn]

Obsere

gn@ pu+pin@ aqu _* pa+dp
h T

w:

Also note that

(|091=p n; u) )
e2kr ilog;p N ( Zk)
p #*iInp+q z*ing
@ py ol @ @
p Zx+1 q Zk+1)
) XX e2kr ilogyp n ( Zk)(d q+ ql p)(zk)]_uJ .
ji(p &*Inp+q **1InQ) |

k60

j=1 k60

Then we apply theseobsenations to (3.19) to conclude
that (2.5) holds.

Finally, we note that (2.6) is animmediate corollary
of (2.5).

References

[1] Lars V. Ahlfors, Complex Analysis, 3rd ed. (New York:
McGraw-Hill, 1979).

[2] William Feller, An Introduction to Probabilit y Theory
and Its Applications, Volume I, 3rd ed., Volume Il,
2nd ed. (New York: Wiley, 1968,1971).

[3] James Allen Fill, Hosam M. Mahmoud, and Wojciech
Szpankowski, \On the distribution for the duration of
a randomized leader election algorithm,” The Annals
of Applied Probability 6 (1996), 1260{1283.

[4] Philipp e Flajolet and Robert Sedgewid, Analytic
Combinatorics (forthcoming). [A preview is available
at <http://algo.inria.fr/flajolet/ Publi cati ons/
books.html> ]

[5] Philipp e Flajolet, Xavier Gourdon, and Philipp e Du-
mas, \Mellin transforms and asymptotics: Harmonic
sums," Theoretical Computer Science 144 (1995), 3{
58.

[6] Ronald L. Graham, Donald E. Knuth, and Oren
Patashnik, Concrete Mathematics, 2nd ed. (Reading,
Massadusetts: Addison-Wesley 1994).

[7] Daniel H. Greene and Donald E. Knuth, Mathemat-
ics for the Analysis of Algorithms, 3rd ed. (Boston:
Birkheauser, 1990).



[8] Peter Henrici, Applied and Computational Complex
Analysis, Volumes 1{3. (New York: Wiley, 1974, 1977,
1986).

[9] Philipp e Jacquet and Wojciech Szpankowski, \Auto-
correlation on words and its applications. Analysis of
sux trees by string-ruler approach," Journal of Com-
binatorial Theory A66 (1994), 237{269.

[10] Philipp e Jacquet and Wojciech Szpankowski, \Analyt-
ical depoissonization and its applications," Theoretical
Computer Science201 (1998), 1{62.

[11] Carl Svante Jansonand Wojciech Szpankowski, \Anal-
ysis of an asymmetric leader election algorithm,” The
Electronic Journal of Combinatorics 4(1) , R17 (1997),
1{16.

[12] Donald E. Knuth, Fundamental Algorithms, 3rd ed.
(Reading, Massadusetts: Addison Wesley 1997).

[13] Stefano Lonardi and Wojciech Szpankowski, \Joint
source-thannel LZ'77 coding," Data CompressionCon-
ference (2003), 273{282.

[14] Helmut Prodinger, \How to select a loser," Discrete
Mathematics 120 (1993), 149{159.

[15] Robert Sedgewi& and Philipp e Flajolet, An Introduc-
tion to the Analysis of Algorithms (Reading, Mas-
sacusetts: Addison-W esley 1996).

[16] Wojciech Szpankowski, \A generalized su x tree and
its (un)exp ected asymptotic behaviors," SIAM Journal
on Computing 22 (1993), 1176{1198.

[17] Wojciech Szpankowski, Average Case Analysis of Al-
gorithms on Sequences(New York: Wiley, 2001).

[18] Jacob Ziv and Abraham Lempel, \A universal algo-
rithm for sequenial data compression," IEEE Trans-
actions on Information Theory IT-23 (1977), 337{343.



