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Ex3f-1. Calculation depends on result of theorem 3.6.

Y ′RY − Y ′RGY

=Y ′RY − Y ′(Y −Xβ̂G − Zγ̂G)

=Y ′RY − Y ′(Y −Xβ̂ + XLγ̂G − Zγ̂G)
=Y ′RY − Y ′RY + Y ′(−XL + Z)γ̂G

=Y ′RZγ̂G (1)

σ2γ̂′G(V ar(γ̂G))−1γ̂G

=σ2γ̂G
1
σ2

Z ′RZ γ̂G

=γ̂′GZ ′RZ (Z ′RZ)−1Z ′RY

=γ̂′GZ ′RY

Ex3f-2.

∂

∂γ
(Y − Zγ)′R(Y − Zγ)

=
∂

∂γ
(Y ′RY − 2γ′Z ′RY + γ′Z ′RZγ)

=− 2Z ′RY + 2Z ′RZγ

Let it equal to 0 we get γminimizer = γ̂G = (Z ′RZ)−1Z ′RY . Plug this in,

(Y − Zγ̂G)′R(Y − Zγ̂G)
=Y ′RY − 2γ̂′GZ ′RY + γ̂′GZ ′RZγ̂G

=Y ′RY − γ̂′GZ ′RY

=Y ′RGY

Ex3f-3.

V ar(β̂) = σ2(X ′X)−1

V ar(β̂G) = σ2(X ′X)−1 + LML′

Since M is semi-positive definite, so does LML′. So the (i, i) element of
it is non-negative, thus V ar(β̂G,j) ≥ V ar(β̂j).
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