STA553 HW04 KEY

Ex-3a-7 N Vi(Yi—Y;) =Y'(Y-Y) = Y'P(I,—P)Y =Y (P—P2)Y =Y'0,x,,Y =
0.

Ex-3d-1 Using terms of Theorem 3.5, X = 1,,3 = 0,p = 1. Because § = § =
(X'X)7'X'Y = 1X'Y =V, RSS = (VY - XB)'(Y - Xp3) = (Y —
L1 Y) (Y — 1n><1Y) > (Yi— Y)? = Q. Due to (iii) and (iv) of Theorem
3.5, the conclusions are correct.

Ex-3e-3 (a) This is because
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() =@WW'W)~TW'z®) > 0 implies det(WW) Since 3 ~

det(X’'X) = z(P)’x(P)
N(B,0%(X' X)), then var(B,) = 02[(X'X) " 11 = 0* SE5AG
%y with equality if and only if z®'W (W'W)='W'z®) = 0
which is equivalent to Py P = 0, i.e., 2(P) is orthogonal to the space
spanned by {z* :i=0,1,...,p—1}. Or because X'X is positive
definte, then (X’ X )~ is positive definite, then xP)'W (W'W)~1W'zP) =
0 iff W'z = 0.

Y

4. (a) 079 (k) = 5 Yi where k > 0.
(b) MSE(QLS) =1 MSE(endge) = (1+k)2 + 1+k 1 Zz 1 07
(c) MSE(0) = 1. MSE(frdse) = (1+k)2 + (1+k)2600
(d) As n — oo, €02 = n=P2rlog(n) — 0. Then MSE(f"dee) — ﬁ <
1 = MSE(#-%). Ridge regression is better in this situation.
5. (a)
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(b) rank(X) ="7.
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0, Ve € C(X"). Because C(X') L N(X),C(X") + N(X) = R® and
N(X) =span{(1,1,1,1,—1,—1,—1,—1)"}, so the simpler form is

{6: (1,1,1,1,-1,-1,—1,—1)'c = 0}.

a’B is estimable iff a € C(X’), that is, there exists ¢1,ca € R such
that @ = ¢1(1,1,2) + ¢2(1,0,3)".

c1=1,co=0. ' = (1/2,0,1/2,0).
Without loss of generality, let ¢ = 1 and e; = (1,0,...,0)". Then 3,
is estimable <= ¢e; € C(X') < C(e1,X’') = C(X') <= row

rank of (_e)é) equals to row rank of X <= rank of (ié) equals to
rank of X. Now

¢, 10 - 0
rank I = rank xé) r@ = rank(z gy, ..., T(p))+1

Therefore, (3 is estimable if and only if zﬁi) #£0.

Proof 2: (; is estimable <= e; € C(X') < 3Ja € RP, €| =
a'X <= 3Jae€RP, dryy=1,d139 =0,...,d25 =0 <= Jac
RP, a’x(ll) #0,a L span{z(y),..., 2} <= x(ﬁ) #0.

Use result of question 3.

Proof 2: Let a = a(y) /|2y, |, then ) = o’ X, 81 = a/X 3, B =d'PY.
Hence, Var(8,) = 02a/PP'a = o2||Pal®> = o2|a|?® = 02/||xé-1)||2.

The equality Pa = a is due to the fact a € span{z 1), z(2),...,2Zp)}-

8. The BLUE of wy 4 ws is Y5 = 'Y, where I' = (1/5,2/5,—2/5,1/5).

9. Prove by induction in m. Let v be a vector that is not in Ay, -+, A;p_1.

If v € A,,, we are done. Now suppose v € A,,. Since A,, does not fill the
whole space, we can find w ¢ A,,. Now consider the line v + tw, where
t is a real number. For ¢ = 1,--- ,m — 1, since v € A;, the line can only
intersect A; once (this can be proved by setting up an equation system
that the solution is the intersection). The line intersects A,, only at ¢t = 0.
So we can choose some t such that v 4 fw is not in any of the subspaces.



