STAT553 HWO03 KEY
1. (a) The m.g.f. of X is

Be™) = / /eXp{Z“fz @z exp{— sz}dxl...dxn
/ /H{exptxl rexp( 5 22y day - - - da

= H{/exp tix;) —— eXp( ; x7) dw;}

= H BE(eh%)

is a product of m.g.f. of its components. Therefore the components
are independent.

(b) Since @ has orthonormal columns, @'Q = I,. Then ¥ = Q'X is
MVN with mean 0 and variance matrix Q'Var(X)Q = I,. Thus by
a), the p components of Y are i.i.d. N(0,1).

2. Conditioning on W,
P(XW <a|W =1) P(X <a|lW =1)=®(a)
PXW <alW=-1) = PX>—-alW=-1)=1—-3(—a) =®(a)
Thus P(XW < a) = ®(a) unconditionally, which means XW ~ N(0,1).
The reason (X, XW) is not bi-variate normal is simple: given X =z, XW

can only take 2 values x and —x. For a bi-variate normal the conditional
distribution should be normal.

3. It is sufficient to show that Y is independent of Y; —Y for any . Since they
are linear combinations of components of Y, they are bi-variate normal,
thus it is sufficient to show their covariance is 0. Without loss of generality,
we just show the case when ¢ = 1.
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in which é; = (1,0,---,0)".

. The joint distribution of ¥ = (¥7,Y2)’ is a bi-variate normal. Thus its
only necessary to calculate its expectation and variance. Let
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A<1 0 —1>
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EY = Ap = <0>
Var(Y) = ASA' = (120 f)

i.e. the joint distribution of Y is
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(a) Marginal distribution of Y7 is N(5,2).

(b) Joint distribution of Y7 and Y3 is bi-variate normal with mean (5,6)’

and variance matrix
2 0
0 3

For the above 2 questions just take corresponding row and column
of the mean/variance matrix.

(c) Notice X =Y3— %Yl — %YQ is independent of Y7 and Y3, by checking
the covariance:
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COU(YS - §Y1 - 7Y2,Y1)
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And the variance is
1 2
Var(X) = Var(Ys— §Y1 - ng)
= 4+1><2+4><3
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So given (Y1,Y2), the distribution of X is N(3,13/6). Thus the
distribution of Y3 given (Y7,Y3) is

1 1 2
Y3 ~ N(§ + §Y1 + 53/2,13/6)

(d) X = Y3 — 1V] is independent of Y;. Var(X) = 7/2. So X ~
N(9/2,7/2). Thus given Y, Y3 ~ N(9/2 + 1Y3,7/2).

(e) X1 =Y — i}fg, Xo =Y — %Yg is jointly independent of Y3. The
joint distribution is

X, 3.25 1.7 —-0.5
<X2> - MVN(<2.4> ’ <—0.5 2 >)
This means given Y3, the conditional distribution of (Y7, Y3) is
Vi 3.25+1y3\ (175 05
<Y2) ~ MVN((2.4+ 1Y; > ’ (—0.5 2 ))
(f) correlation pio = Cov(Y1,Y2)/y/Var(Y1)Var(Y2) = 0.

(g) This distribution of Z is bi-variate normal with expectation and vari-
ance matrix given below:

2 10
pz=(1 1 1)

2 01
Var(Z)z(% 1 (1)> 0 3 2
1 2 4

(h) Write Z = AY +b. The m.g.f. of (Y, Z) is

My z(t,r) = FEexp{t'Y +1'Z}
Eexp{t'Y + 7' (AY +b)}
Eexp{(t' + " A)Y +1'b}
= My(t+ A'r)exp{r'd}

1
= exp((t' +r"A)p+ i(t/ + ' A)S(t + A'r) +1'b)
= exp(tp+r"EZ+tVSt+r'Var(Z)r +2U'SA'r)

Q = 2(y—2)"+yi+y5+2(n — 2y
2 1 0\ [y -2
= (1n—2 w2 y3)[1 1 0 Y2



so the mean and variance matrix is

2 210
0 0 01

. First we write @Q as

Q=Y N7 (1

where Z;’s are i.i.d. standard normal. The construction is as follows:
Let X = ¥7Y/2Y. Then X ~ MV N,(0,1,). Hence

Q=Y'AY = X'S'/?2Ax'?x

Let the spectral decompositon of £1/24%1/2 = P'AP, where P is an
orthogonal matrix and A = diag(A1, -+, A,). Let Z = PX, which is also
MVN(0,1,), then

Q=X'PAPX =Z'AZ = Z N\ Z2
[

Now knowing the m.g.f. of a x2(1) is M,2(t) = (1 — 2t)~1/2, it’s easy to
calculate that the m.g.f. of @ is

Mo(t) = M)

= JJa-2tr)"?

= |I, — 2tA|}/?

= |I, — 2APXY2 AR/ 2|12

= |PEY2(I, — 2AR)R V2P |72
= (P2 |L, — 2tAx] - [£71/2P))
= |I, — 2tA%|7Y/?

—1/2

The calculation utilized the fact that |[AB| = |A| - |B| and |A| - |[A71| = 1.

For the case when A is a projection with rank r and ¥ = I, the spectral
decompositon of X/2A%1Y/2 = A has eigenvalues consisting of 7 1’s and
n —r 0’s. Thus the result is obvious from the calculation.

. By and Bj are written in a similar form as Bj.

1 -3 1
vy = |1 v =| 1 vy3= | —b
1 2 4

Then By = v10]/||v1|?, Ba = vavh/||va|?, Bs = vav}/[vs]?.



(a) Y'B;Y are actually square of some normal r.v.

iy |J?
[[oi?

Y'B;Y = (1)o?

b and ¢) (v1Y,v5Y,v4Y) is multi-variate normal. So to prove the quadratic
forms are independent, it is sufficient to show that components of
this multi-variate normal are independent. This is easily done by
checking the covariance.

(zl) (1 1 1> "
= 2
Zs 1 -1 0 Y,
Thus (Z7, Zs) is bi-variate normal with mean and variance

EZ = G’) Var(Z) = (100 g)

2b.9. (X1, X2, X3) is a multivariate normal with mean 0 and variance matrix

2b.3.

Is.
1 1 1
Y1 ﬁ 7% 3 X5 X5
nl=g 5 0 ||x]=4%
Ys % 6 ve) \X X3

So (Y1,Y2,Y3) is multivariate normal with mean A0 = 0 and variance
matrix ATA’ = AA’. Thus it’s sufficient to check that A is orthogonal.

Misc2.4. Since X and Y are independent, we get a 2n-dimensional r.v. with a
2n-dimensional MVN distribution by combining X and Y together.

aX +bY = (al,,bl,) (‘if)

is a linear combination of components thus is a MVN.

Misc2.5. Without loss of generality, we assume a is a unit vector. Let A = (ay,ag, - ,a,)’

be an orthogonal matrix with a; = a being its first row. Then AY is
MVN(0,1,), i.e.
alY ~ N(0,1) i.4.d

So given a}Y =0,

Y'Y = (AY)AY = (a)Y)* =) (a[Y)* ~ x*(n— 1)
i=1 =2



Misc2.10.

Misc2.16.

A proof for a general n-dimensional case is given.

Let ¥ = R'R be the Cholesky decomposition, R being upper triangular.
Let Z = (R7')'Y. Then Z is MVN with mean 0 and variance

Var(Z) = (R"YESR ' = (R"YRRR ' =1

So the components of Z are i.i.d. standard normal. Notice r1; = (R)11 =
\/O11 and Zl = 7’1_11Y1. Then

Y'S7Y — o' YE
Y'RYR)'Y - 77
= 7'z2-7;

which is obviously x?(n — 1).
Let

1 -1

Then the quadratic form equals to ||AY||? = Y'A’AY. Then by theorem
1.6, (4th central moment is 3)

Var(Y'A'AY) = 2tr((A'A)*) =23 b

where b;; is the 4, j element of B = A’A. Since

The final result is 12n — 16.



