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Abstract

Well-calibrated probabilities are necessary in
many applications like probabilistic frame-
works or cost-sensitive tasks. Based on previ-
ous success of asymmetric Laplace method in
calibrating text classifiers’ scores, we propose
to use piecewise logistic regression, which is a
simple extension of standard logistic regres-
sion, as an alternative method in the discrim-
inative family. We show that both meth-
ods have the flexibility to be piecewise lin-
ear functions in log-odds, but they are based
on quite different assumptions. We eval-
uated asymmetric Laplace method, piece-
wise logistic regression and standard logis-
tic regression over standard text categoriza-
tion collections (Reuters-21578 and TREC-
AP) with three classifiers (SVM, Naive Bayes
and Logistic Regression Classifier), and ob-
served that piecewise logistic regression per-
forms significantly better than the other two
methods in the log-loss metric.

1. Introduction

Among existing popular classifiers only a few of them
are able to generate posterior probabilities. It is
very useful, on the other hand, to have system es-
timated probabilities along with classification deci-
sions. For example, probabilities can be directly
plugged into hierarchical classification schemes where
non-deterministic decisions are required, or in cost-
sensitive tasks or utility models (Duda et. al, 2001)
where expected risk/utility is needed. Probability es-
timates can also be used for uncertainty sampling in
active learning (Lewis & Gale, 1994).

It has been well understood that classification tasks
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can be approached from either generative models
where the class-conditional densities are learned, or
discriminative models where decision boundaries are
directly learned regardless of the class-conditional den-
sities. It is generally observed that discriminative
methods perform better than generative ones in terms
of classification tasks, and the strength and weakness
of both groups have been discussed and analyzed in the
literature (Rubinstein & Hastie, 1997; Ng & Jordan,
2002). For the task of probabilistic score estimation
(score calibration), logistic regression (Platt, 1999) has
been one of the most widely used methods in the dis-
criminative family. Recently, it has been shown (Ben-
nett, 2003) that asymmetric Laplace method, which
is a generative model that allows more flexible class-
conditional densities than Laplace distribution, out-
performs logistic regression in calibrating text classi-
fiers’ output scores. It would be interesting to inves-
tigate whether logistic regression can be further im-
proved to achieve comparable results in this task.

In this paper we propose to use piecewise logistic re-
gression, a simple extension of standard logistic re-
gression, as an alternative approach to the asymmet-
ric Laplace method for score calibration. Belonging
to the discriminative family, piecewise logistic regres-
sion needs fewer assumptions than generative models
like the asymmetric Laplace method, but also has the
same flexibility as being piecewise linear in log-odds as
the asymmetric Laplace method. And regularization
is added to avoid overfitting in local nosiy region. We
analyze and compare these two methods for a better
understanding, and examine them as well as standard
logistic regression on several text categorization bench-
mark collections with three classifiers.

The rest of the paper is organized as follows. In Section
2, we review related work on estimating probabilistic
scores from both generative and discriminative view-
points. In Section 3, we first introduce two methods
used in probability estimation, namely logistic regres-
sion and asymmetric Laplace, then propose our piece-
wise logistic regression method. We also compare and



analyze asymmetric Laplace and piecewise logistic re-
gression, and discusse more general approaches to the
problem. In Section 4, we describe the experimental
design, and in Section 5 we present experimental re-
sults comparing three calibration methods. Finally, we
conclude our work in Section 6.

2. Related Work

For generative models, class priors and class-
conditional probabilities should be first obtained, and
then Bayes rule is applied to get the posterior proba-
bilities; on the other hand, discriminative models di-
rectly compute posterior probabilities without consid-
ering class-conditional probabilities.

Among discriminative models, logistic regression has
been one of the most frequently used methods for es-
timating probabilities. Platt (1999) used logistic re-
gression to convert the output scores of SVM to prob-
abilistic scores and showed that the calibrated scores
yield comparable probabilistic results to regularized lo-
gistic regression classifier. Zadrozny and Elkan (2002)
proposed isotonic regression which is non-decreasing
stepwise-constant to model posterior probabilities, and
applied their method to Naive Bayes and SVM. How-
ever, their resulting estimation curve is discontinuous
and the cost to store the model is high.

Among generative models for estimating probabilities,
Gaussian distributions have been used (Hastie & Tib-
shirani, 1996) to fit class-conditional densities. There
are two variants of this approach: assume both Gaus-
sians have the same variance and fit means and the
common variance; or fit both means and variances.
As discussed in previous work (Platt, 1999), the for-
mer candidate has the disadvantage of oversimplify-
ing the model, while the latter essentially violates the
monotonicity property due to its quadratic term in the
exponential function. Based on the observation from
information retrieval that score distributions for “ex-
tremely irrelevant”, “hard to discriminate” and “ob-
viously relevant” documents are often quite different,
Bennett (2003) proposed to use asymmetric distribu-
tions to model the scores of both classes, and showed
that asymmetric Laplace distribution gives better per-
formance than logistic regression in calibrating text
classifiers’ outputs. However, his comparison between
asymmetric distributions and logistic regression is “un-
fair” in the sense that the former allows piecewise lin-
ear fit in log-odds while the latter is restricted to a
global linear fit. A better examination, in our opinion,
would be comparing both methods in the setting of
piecewise linear fit, and this is what we are going to
investigate in this paper.

3. Methods

The probability estimation problem is de-
fined as follows. A training set D =
{(1'17 y2)7 (1-27 y2)7 RN ('Z.N7 yN)} is given to the system,
where x1,Z2,...,2N is a list of scores generated by
some classifier C over instances X = {d;,da,...,dn}
and y1,¥2,...,yn are the corresponding class labels
for instances in X. Throughout the paper we assume
that there are two classes with y = 1 or '+’ for the
positive class and y = —1 or ’-’ for the negative class,
unless otherwise specified.

3.1. Logistic Regression

Logistic regression is one of the most frequently used
discriminative methods to the probability estimation
problem (Platt, 1999; Bennett, 2003; Lewis & Gale,
1994). The standard logistic regression assumes that
the posterior probability has the form of a sigmoid
function P(y|z) = m, which is equiva-
lent to say that the log-odds is a linear function in z:

log lljgﬂg =az +b.

Regularization can be added to avoid overfitting. The
parameters of regularized logistic regression can be
estimated with maximum likelihood estimation using

a training set D = {(z1,y1), (z2,¥2),---, (N, yN)}s
which is equivalent to minimize the following quantity:

0= Z log(1 + exp(—yi(az; + b)) + A(a® + b%)

i=1

where A is the regularization coefficient that controls
the balance between training loss and model complex-

ity.

3.2. Asymmetric Laplace Method

Unlike standard Laplace distribution, asymmetric
Laplace distribution allows different slopes around the
mode. It has been shown that asymmetric Laplace
method achieved good performance in calibrating
text classifiers’ outputs (Bennett, 2003). The class-
conditional density of asymmetric Laplace method is
given by:

BY oxp[-B(0 —z)] =<8

p(z0,8,7) = {ﬁ“

65777 exp[—y(z —0)] >0

where 3,7 > 0 and 6 are model parameters.

It degenerates to standard Laplace distribution when
B = . In Figure 7?7 we show the asymmetric Laplace
distributions with g = 1.0 and v = 0.5,1.0,2.0, 5.0.
From the graph we can see that by allowing different



slopes on both sides of the mode, asymmetric Laplace
distributions are able to fit a more general class of
distributions.
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Figure 1. Asymmetric Laplace Distributions

For a fixed 6, the Maximum Likelihood Estimation

(MLE) of model parameters § and vy can be com-

puted directly from the training data as (Bennett,
N

2003) /BMLE = ﬁ and ’YMLE‘ = T
where X; = 0|{z e Xlz < 60} — > cpr<p® and

X’" = ZwED,z>9 T =

And class priors are estimated with smoothed add-one
estimator P(y) = JX?:; where N is the total number
of examples in the training set and N, is the number
of training examples that belong to class y. We follow
the method used in (Bennett, 2003) to choose 8: loop
over individual z; and set 6 to the one which gives

maximum likelihood?.

0-|{z € D|z > 6}|.

3.3. Piecewise Logistic Regression

By its name, piecewise logistic regression is a simple
extension of the standard logistic regression by replac-
ing the linear function into a piecewise linear function
in the exponential term. Correspondingly, the log-
odds of the piecewise logistic regression is also piece-
wise linear, which gives much more flexibility than a
global linear function.

The intuition behind piecewise logistic regression is
the same as that of asymmetric distributions, but is
interpreted differently. In order to capture the charac-
teristic that data points close to the boundary behave
differently from data points at the two ends, in our
experiments we use three-piece linear function in log-
odds as the asymmetric Laplace method. However,
the following formulation is for K pieces in general.

1t can be shown that 0s which give maximum likelihood
can only happen at individual data points.

The posterior probability of the model is defined as
P(y|z) = m where f(z) is a piecewise linear
function of z. Following the idea from piecewise linear
interpolation, we define f(z) with K + 1 knots (fp <

b1 < ...<0k)as f(z) = Y1 gw;l;(z), and I;(z) is
defined as:
Pt 9 <a<b; (j=1,2,...,K)
(@)= 724 6;<z <61 (j=0,1,....,K—1)
0 else

It directly follows that our piecewise function f(x) is
continuous at all K + 1 knots, with its value equals
w; at the jt* knot. We can use MLE to estimate the
parameters (w;’s), which is equivalent to minimize the
following objective O:

zi— 051 zi — 6
E E log{1+exp( yz(wjo 61 +wjo1 o 1_2))}
i

j=1z:€D;

where D; = {6;_
partition of D.

<z <6} G =12.,K)is

To avoid overfitting, we add a regularization term to
the objective function

— Wji—1 — Wj—2.9
=0+ - z )
reg Z 9 —91 1 (9]'_1 — (9]'_2 )
The term % in the above formula is essentially

the tangent of the linear piece over the subset D;. Our
intuition of adding the above penalization term is that
tangents of adjacent linear pieces should not be too
far away from each other, which allows the model to
degenerate to standard logistic regression and avoids
overfitting in local noisy regions. The parameter A can
be empirically chosen using a holdout dataset.

The remaining problem we have not addressed is how
to choose the knots 6;. It will be inefficient to do
that as in asymmetric Laplace, due to the fact that
for each candidate we need to train a model, rather
than go through the data and compute the value di-
rectly. We can safely set §p = min{z € D} and
0k = max{x € D} + €, where € is a small positive
number. Since our main experiment is to compare
piecewise logistic regression with asymmetric Laplace,
we now consider the case of three linear pieces with
4 knots: g, 61,602,603 (cf. Section 3.4). We choose 6;
from 10%, 20%, ..., 90% percentiles of the negative ex-
amples; and 6, is done over positive examples in the
same manner. The optimal pair of knots is determined
by maximum likelihood over training data, resulting in
knots #; and 6> that split the scores into the “hard to
discriminate” decision area and two extremes.



To generalize the above idea to piecewise logistic re-
gression with K +1 knots, we can first set the candidate
knots using percentiles, then graduatelly add knot by
maximizing likelihood with hill climbing. Since more
knots will result in higher training likelihood (just as
# of clusters in clustering), we need to do model se-
lection to prevent overfitting.

3.4. Piecewise Logistic Regression vs
Asymmetric Laplace

If we assume both positive and negative class-
conditional densities are asymmetric Laplace with
modes 6; and 6, respectively,

ozl fry = | B OR(B-(Or =) = <by
e [f_‘_:,y‘_ exp(—y_(z —6,)) = >0,
bl By = | Py R Pelle o) <0
o i exp(—y(z —62)) z>06;

then the log-likelihood ratio (so does the log-odds) is
a piecewise linear function with two knots at 6; and
02:

p(z[+)
8 b(al-)
c=Br(b2—2)+B-(61—7) <6
= c—Bir(lr—2)+vy (x—61) 6 <z<0,
c—y4(x —02) +v_(xz —61) xz > 0

;j:‘T'YL —log ﬁﬁi jw_ .

It is obvious that both our piecewise logistic regression
(with 3 pieces, 4 knots) and the asymmetric Laplace
distribution have the flexibility to model the log-odds
with three pieces of linear functions rather than glob-
ally linear one as in standard logistic regression, and
both of them have four parameters to estimate. How-
ever, they have quite different assumptions and use
different criteria to optimize the model parameters. It
is the main goal of this paper to compare these two
methods in probability estimation.

where ¢ = log

3.5. Other Alternatives

It is possible to use richer family like higher order
polynomials to model the log-odds f(z), for exam-
ple, Generalized Additive Model (Hastie & Tibshirani,
1996). Although this will give a better fit to training
set, it does not necessarily improve the prediction per-
formance due to the bias-variance trade-off. One nice
property of piecewise logistic regression is that once
the knots are fixed, the optimization is strict convex,
which guarantees unique and global solution.

Another general way for probability estimation is to
first estimate the empirical log-odds, then apply re-
gression method to fit the resulting curve. However,
obtaining a good estimation of log-odds is a difficult
task, and we do not prefer this option by following
Vapnik’s principle (Vapnik, 1999) that “When solv-
ing a given problem one should avoid solving a more
general problem as an intermediate step”.

4. Experimental Design

To evaluate our proposed method, we compare it
with the standard logistic regression and asymmetric
Laplace method. We did not include other candidates
like Gaussian, asymmetric Gaussian or Laplace since
previous study (Bennett, 2003) showed that they are
less effective compared with asymmetric Laplace and
logistic regression.

4.1. Datasets

In order to compare our methods with previous ones
(Bennett, 2003) on calibrating text classifiers’ outputs,
we use the same text categorization datasets (Reuters-
21578 and TREC-AP) except for the one (MSN Web
Directory collection) which is not publicly available.

4.1.1. REUTERS-21578

Reuters-21578 has been one of the most widely used
collections for text categorization, which contains new
articles from 1987. We used the standard ModApte
train/test split of 9603/3299 documents. There are
altogether 135 categories, but only 90 of them appear
in both training and test sets. In our experiments we
used the ten most frequent categories, which allows us
to compare our results to previous ones (Platt, 1999;
Bennett, 2003).

4.1.2. TREC-AP

Our second data collection is the TREC-AP collection,
which is a subset of the AP newswire stories of the
TREC/TIPSTER data collection from 1988 through
1990. As in previous studies (Lewis et. al, 1996;
Bennett, 2003), we use documents in 1988 and 1989
(142,791 documents) as our training set, and docu-
ments in 1990 (66,992 documents) as our test set. The
categories are defined by keywords in a keyword field,
and the title and body fields together are treated as
documents. We use all twenty categories in this collec-
tion whose detailed information can be found in (Lewis
et. al, 1996).



4.2. Classifiers

We use three classifiers, namely Naive Bayes, linear
SVM and logistic regression to evaluate our score cal-
ibration methods. Linear SVM is one of the top per-
forming classifiers that does not output probabilis-
tic scores; although Naive Bayes can output poste-
rior probabilities, due to its oversimplified assump-
tions, those probabilities are usually poor and skewed
(Domingos & Pazzani, 1996). Different from the other
two classifiers, logistic regression (Zhang & Oles, 2001)
is a popular classification algorithm which can output
well-calibrated probabilities. By adding it as one of
our classifiers we are able to explore two interesting
things: 1) Can we get further improvement by recali-
brating well-calibrated scores generated by logistic re-
gression classifier? 2) How well does the quality of
probabilities of “classifier+calibration” compare with
that of logistic regression classifier?

4.2.1. NAIVE BAYES

We use the rainbow package (McCallum, 1996) to per-
form the Naive Bayes classification, which is a multi-
nomial model (McCallum & Nigam, 1998). Word
probabilities are smoothed with Laplace smoothing (or
equivalently, with a Dirichlet prior), and class priors
are estimated from the training data distribution. We
use the log-odds log lljﬁj‘;; (Bennett, 2003) as the in-
put score z(d) of calibration methods.

4.2.2. LINEAR SVM

We use the SV M!9ht package (Joachims, 1998a) to
train a linear kernel SVM model for the classification
tasks. We use the default cost parameter C, which
is taken to be ( Ef;l [|d;||)~2. The raw output of
SVM z(d) = >, a; K(d,d;) is used as the input of
calibration methods.

4.2.3. LoGISTIC REGRESSION

We use a variant of Gauss-Seidel (Zhang & Oles, 2001)
to implement the logistic regression classifier, and the
posterior probability P(+|d) = m is used
as the input z(d) of calibration methods.

4.3. Details of Experiments

In our experiments stopwords are removed, words are
not stemmed, and rare words (happened less than
three times in the corpus) are removed. We also se-
lect top 1000 words with Information Gain (Yang &
Pederson, 1997) as our feature selection method. For
linear SVM and logistic regression classifiers we use
binary term weighting, and for Naive Bayes classifier

no feature weighting is needed. To avoid overfitting,
we use five-fold cross validation to obtain scores over
the training set.

4.4. Evaluation Measures

We used three evaluation measures to examine these
calibration methods, which are standard measures
used in previous studies (Platt, 1999; Zadrozny &
Elkan, 2001; Bennett, 2003) for evaluating the qual-
ity of probability estimations.

Our primary evaluation measure is log-loss, which is
defined for each data instance x as:

Liog—i0ss(z) = P(+|x)log P(+|x) + P(—|z)log P(—|z)

where P(+|z) and P(—|z) are the empirical probabil-
ities (they are either 0 or 1 based on the class label),
and P(.|z) is the model prediction. Notice that this is
the only measure we want to maximize, though it is
named “loss” as in the literature. The second evalua-
tion measure is squared-error, which is defined as:

quuaredferror(x) = (ﬁ’(+|.’l§') - P(+|.’L’))2

The last measure we used is 0/1-loss (classification
error), which gives the quantity of how calibrations
can affect classification errors with respect to a fixed
threshold 0.5 (except for SVM it is 0.0):

Lo/1-1oss I((P(+]x) = 0.5) - (P(+|z) — 0.5) > 0)
These three measures tend to have different properties.
The log-loss will severely penalize extreme wrong de-
cisions (for example, it is +oo when P(+|x) = 1
and P(+|x) = 0) over slightly wrong decisions. The
squared-error uses squares of difference to measure
how wrong the model prediction is from the empirical
probability. Unlike the previous two measures, 0/1-
loss only cares how output probabilities behave lo-
cally around threshold 0.5, not measuring how far the
wrong decisions are from the correct ones. By report-
ing results using all these measures, we can provide a
thorough comparison of those methods.

5. Experimental Results

We conducted experiments for the calibration methods
with classifiers (NB, SVM and LR) on Reuters-21578
and TREC-AP datasets. For each classifier, we re-
port four sets of results, one for each of the calibration
methods, plus the one called “raw” which is directly
evaluated using the classifier’s output without calibra-
tion. The log-loss and squared-error results for SVM
raw output is not available, since SVM does not output



Table 1. Results for Reuters-21578: The best entry is in
bold font, and a * means it is significantly better than
other methods (using the same classifier).

class{ method | log-loss | squared- | 0/1-
ifier error loss
raw -32554.7 | 1586.8 1696
LR -2470.5 | 618.1 828
NB  MATaplace | 21402 | 575.8 788
PLR -1964.1* | 556.5 780
raw N/A N/A 492
LR -1577.3 | 396.3 511
SVM "ATaplace | -1604.2 | 3865 173
PLR -1437.9*% | 371.8 472
raw “1882.6 | 462.3 612
IR 28191 | 642.0 832
LR MATaplace | -nf | 5523 621
PLR -1875.9 | 457.1 575%
Table 2. Results for TREC-AP
classq method log-loss squared- | 0/1-
ifier error loss
raw -1193312.9 | 40379.4 45425
LR -33753.9 | 7788.6 9082
NB  MATaplace | -33391.4 | 7243.6 | 8693
PLR -28315.1*% | 6961.2* | 8797
raw N/A N/A 7645
LR -27287.2 | 6036.9 7067
SVM RTaplace | -27487.0 | 5724.2% | 6821%
PLR -25972.5* | 5916.7 7067
raw -32767.3 | 6682.2 7705
LR -35618.9 | 6935.1 7705
LR ATaplace Jinf 87557 | 9722
PLR -29153.9* | 6334.4* | 7707

posterior probabilities. Our main results are shown in
Table ?? & ?7?.

Previous studies (Bennett, 2003) have used significant
sign test to evaluate the results. The way it worked is
to look at wins and losses on decisions for two meth-
ods. However, applying the sign test for log-loss and
squared-error to compare generative models and dis-
criminative models is inappropriate due to the follow-
ing reason: since both log-loss and squared-error are
monotonically determined by the posterior probability,
using them in the sign test is equivalent to using the
posterior probabilities directly. After all, sign test ig-
nores the magnitude of the estimation errors, it is too
coarse a measure for evaluating how far the estimated
probabilities are from the true probabilities. There-
fore, we use the t-test to measure the significance for
log-loss and squared-error, and use sign test to mea-
sure the significance only for 0/1-loss.

Our results in log-loss show that piecewise logistic re-
gression is significantly better (significant level 0.05)
than the other two methods under all conditions.
In most cases it also performs the best in squared-
error. Asymmetric Laplace in some cases achieved
good performance in 0/1-loss, however, 0/1-loss should
be treated lightly for the reasons discussed before.

In Figure ?? we plot empirical log-odds versus log-
odds fittings generated by the calibration methods for
categories earn in Reuters-21578 and yugoslavia in
TREC-AP. We can see that piecewise logistic regres-
sion generates better fitting than the other two meth-
ods, which is generally the case for other categories
as well. One interesting finding is that for all runs of
piecewise logistic regression, the tangents of its three
pieces are never negative (though theoretically speak-
ing it might be), which is due to both the global
monotonic trend and the regularization term that con-
trols the tangent differences between adjacent pieces.
This is generally believed to be a preferred property
(Platt, 1999) for probability estimation. We also ob-
served that for well-calibrated scores generated by LR
classifier, only piecewise logistic regression further im-
proved the performance (Table ?? & ??). The bad
performance of asymmetric Laplace is because that
the score distributions of LR classifier (ranged from
0 to 1) severely violates the assumption of asymmetric
Laplace. Maybe the right way is to use the log-odds
output of LR classifier to fit asymmetric Laplace, and
then we probably end up with very similar result to
that of SVM. This result also reflects that fact that
discriminative approaches are generally more robust
than generative ones.

Another advantage of the piecewise logistic regression
is that it can have more than three linear pieces in
the log-odds. We also did experiment to explore the
effects of more than three pieces. As mentioned be-
fore, we first specify the candidate knots, which are
the 5%, 10%, ..., 95% percentiles of D. Then knots
(except the two end ones) are added one by one using
hill-climbing strategy, by maximizing likelihood. To
do model selection we can apply AIC, BIC or MDL
like techniques, but here we use the following heuris-
tic: if adding one more knot does not improve the
likelihood by 1%, then the process is stoped and the
previous model is selected as the final one. However,
experiments showed that in most cases our algorithm
ended with 2-4 pieces, and the results are very sim-
ilar to what we get in Table 7?7 & ?? with 3 pieces.
We think the reason why three-piece linear function
usually suffices might be that the score distributions
generated by those classifiers do not reflect very com-
plicated shapes, as can be seen from Figure 77.
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Figure 2. Empirical log-odds of the training/test data compared to the fitting generated by three methods. The left three
graphs are for category earn in Reuters-21578, and the right three graphs are for category yugoslavia in TREC-AP.
From top to bottom, graphs are for classifiers SVM, NB and Logistic Regression respectively.



6. Conclusions

In this paper we first reviewed two methods for score
calibration, namely asymmetric Laplace and logistic
regression, from generative and discriminative families
respectively. Motivated by asymmetric Laplace which
allows piecewise linear functions in log-odds, we pro-
posed a novel and effective method, Piecewise Logistic
Regression, as an alternative approach for probabil-
ity estimation. By fitting a piecewise linear function
in log-odds, this method has the same flexibility as
asymmetric Laplace but makes fewer assumptions.

We provided an analysis showing the connections and
differences between piecewise logistic regression and
asymmetric Laplace, and also evaluated both methods
as well as standard logistic regression with three clas-
sifiers on two standard text categorization collections.
Our results showed that piecewise logistic regression
performs significantly better than the other two cali-
bration methods in log-loss metric across all the collec-
tions and classifiers tested. Moreover, the calibrated
SVM probabilities achieved better results than those
directly generated by logistic regression classifier.
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