
7. The Law of Large Numbers and the Central Limit TheoremThe law of large numbers and the 
entral limit theorem play very important roles in statisti
s.7.1. The Weak Law of Large Numbers (WLLN). Two probability inequalities are needed in the proofof WLLN.Theorem 7.1. (Markov's Inequality) Let X be a non-negative random variable and E(X) < ∞. For any
t > 0,

P(X ≥ t) ≤ E(X)

t
.Proof. We only prove for the 
ontinuous 
ase.

E(X) =

∫ ∞

0

xf(x)dx =

∫ t
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xf(x)dx +

∫ ∞

t

xf(x)dx ≥
∫ ∞

t

xf(x)dx ≥ tP(X > t).

�We 
an easily prove the result using the 
on
ept of indi
ator fun
tion. Note that I(X ≥ t) ≤ (X/t) is alwaystrue, and the result is obtained by taking expe
tation on both sides.Theorem 7.2. (Chebyshev's Inequality) Let X be a random variable with �nite mean µ = E(X) and varian
e
σ2 = V(X). Then for t > 0 we have

P(|X − µ| ≥ t) ≤ σ2

t2
.Proof. We apply Markov's inequality to the random variable |X − µ|2:

P(|X − µ| ≥ t) = P(|X − µ|2 ≥ t2) ≤ E(|X − µ|2)
t2

=
σ2

t2
.

�Similarly we 
an use indi
ator fun
tion to prove Chebyshev's inequality by taking expe
tation over bothsides of I(|X − µ| ≥ t) ≤ |X−µ|2

t2 .Theorem 7.3. (The Weak Law of Large Numbers (WLLN)) If X1, X2, . . . is a sequen
e of iid randomvariables with �nite expe
tation µ, then for any ǫ > 0 we have
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= 0.Proof. We only prove a simple 
ase where X1, X2, . . . have �nite varian
e σ2 < ∞. Let X̄n =
∑n

i=1
Xi/nand we have E(X̄n) = µ and V(X̄n) = σ2/n. Using Chebyshev's inequality,
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�The WLLN says that the distribution of the average of iid random variables X̄n will be more and more
on
entrated on its mean µ as n gets large. In other words, the observed sample mean ∑n
i=1

xi/n will be avery good approximation to µ as n gets large. 1



27.2. The Central Limit Theorem (CLT).Theorem 7.4. (The Central Limit Theorem) Let X1, X2, . . . be a sequen
e of iid random variables with�nite mean µ and varian
e σ2. De�ne
Zn =

√
n(X̄n − µ)

σwhere X̄n =
∑n

i=1
Xi/n, then the distribution of Zn 
onverges to a standard normal distribution as n → ∞.What it means is that, for any z we have

lim
n→∞

P(Zn ≤ z) = Φ(z) =

∫ z

−∞

1√
2π

e−x2/2dx.The CLT says that the mean of a random sample X1, . . . , Xn from any distribution 
an be approximatedby a normal distribution as long as µ and σ2 are �nite and n gets large. It is a little bit surprising and hastremendous appli
ations.Example 7.5. Let Xi ∼ Bernoulli(p) and X̄n =
∑n

i=1
Xi/n. Noti
e that the exa
t distribution of nX̄n is

Binomial(n, p). In Figure 7.1 we illustrate that the distribution of nX̄n be
omes in
reasingly similar to anormal pdf as n → ∞, whi
h veri�es the CLT.
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Figure 7.1. The distribution of Binomial(n, p = 0.3) for n = 5, 10, 20 and 50.Example 7.6. (Example 7.8 in [1℄) Let Yi be the servi
e time for the ith 
ustomer, and we have µ = 1.5,
σ2 = 1. So P(

∑

100

i=1
Yi ≤ 120) = P(Ȳ ≤ 1.2). Sin
e n = 100 is large, CLT tells that Ȳ is approximately

N(µ, σ2/n) = N(1.5, 0.01). So P(Ȳ ≤ 1.2) = P( Ȳ −1.5
0.1 ≤ 1.2−1.5

0.1 ) ≈ P(Z ≤ −3) = Φ(−3) = 0.00135. Here Zis a standard normal and Φ(z) 
an be found from Table 4, Appendix III in [1℄.


