
6. Sampling Distributions6.1. Basi
 De�nitions.De�nition 6.1. A set of random variables X1, . . . , Xn are 
alled a random sample of size n from thepopulation f(x) if X1, . . . , Xn are mutually independent random variables and the marginal pdf or pmfof ea
h Xi is the same fun
tion f(x). Alternatively, X1, . . . , Xn are 
alled independent and identi
aldistributed (iid) random variables with pdf or pmf f(x).The iid sampling model des
ribes the (most frequently used) s
enario that repeated observations are gener-ated from the same probability distribution. Furthermore, these observations are taken in su
h a way thatthe value of one observation does not a�e
t other observations. In other words, X1, . . . , Xn are independent.As a result, the joint pdf or pmf of X1, . . . , Xn is given by
f(x1, . . . , xn) = f(x1) . . . f(xn) =

n
∏

i=1

f(xi).De�nition 6.2. Let X1, . . . , Xn be a random sample of size n from a population f(x), and let T (x1, . . . , xn)be a real-valued or ve
tor-valued fun
tion whose domain in
ludes the sample spa
e of (X1, . . . , Xn). Thenthe random variable or random ve
tor Y = T (X1, . . . , Xn) is 
alled a statisti
. The probability distributionof a statisti
 Y is 
alled the sampling distribution of Y . In 
ontrast, a parameter 
an be generallythought as a fun
tion of the population distribution f(x).Although simple, it is important to fully understand the above de�nitions and know the di�eren
e betweena parameter and a statisti
.Example 6.3. Let X1, . . . , Xn ∼ N(µ, σ2). Examples of statisti
s are Y1 =
∑

i Xi/n, Y2 =
∑

i(Xi−Y1)
2/(n−

1). Examples of parameters are p1 =
∫

xf(x)dx = µ, p2 =
∫

x2f(x)dx = σ2+µ2 and p3 =
∫

(x−µ)2f(x)dx =
σ2. The quantity ∑i(Xi − µ)/n is not a statisti
 sin
e it involves the unknown parameter µ!De�nition 6.4. The sample mean is the arithmeti
 average of the values in a random sample. It is usuallydenoted by

X̄ =
X1 + . . . + Xn

n
=

1

n

n
∑

i=1

Xi.The sample varian
e is the statisti
 de�ned by
S2 =

1

n − 1

n
∑

i=1

(Xi − X̄)2.The sample standard deviation is the statisti
 de�ned by S =
√

S2.Theorem 6.5. Let X1, . . . , Xn be a random sample from a population with mean µ and varian
e σ2 < ∞.Then (1) E(X̄) = µ; (2) V(X̄) = σ2/n; (3) E(S2) = σ2.Proof. Omitted. �The sampling distribution of a statisti
 is of great importan
e. Often we are given a random sample and thegoal is to estimate some interesting parameters of the population (whi
h are generally unknown). We willneed the theoreti
al form of the sample distribution in order to make inferen
e about the parameters of theunderlying population that we are interested in. In this 
ourse we fo
us on sampling distributions related tothe normal distribution (and the reason will be
ome 
lear later). However the above de�nition and theoremabout sample mean and varian
e are appli
able to any population distribution.1



26.2. Sampling Distributions Related to Normal.Theorem 6.6. Let iid samples X1, . . . , Xn ∼ N(µ, σ2) , then
X̄ =

1

n

n
∑

i=1

Xi ∼ N(µ, σ2/n).The result 
an be easily proved by noti
ing that X̄ is a linear 
ombination of independent normal randomvariables (see the mgf se
tion). It follows that X̄−µ
σ/

√
n
∼ N(0, 1).De�nition 6.7. A random variable X is said to have a gamma distribution with parameters α > 0 and

β > 0 if the density fun
tion of X is
f(x) =

{

xα−1e−x/β

βαΓ(α) , 0 ≤ y < ∞
0 otherwise,where Γ(α) =

∫∞

0
xα−1e−xdx.The Gamma distribution is very useful and has many spe
ial 
ases. For example, when α = 1 it degeneratesto the exponential distribution (verify). Here we are interested in another spe
ial 
ase: the 
hi-squaredistribution.De�nition 6.8. A random variable X is said to have a 
hi-square distribution with n ∈ N degrees offreedom if it is a gamma-distributed random variable with parameters α = n/2 and β = 2. We use thenotation X ∼ χ2

n and we have
f(x) =

{

xn/2−1e−x/2

2n/2Γ(n/2)
, 0 ≤ y < ∞

0, otherwise.Example 6.9. Let X ∼ χ2
n, 
al
ulate its mgf MX(t).By de�nition we have

MX(t) = E(etX)

=

∫

etx xn/2−1e−x/2

2n/2Γ(n/2)
dx

= 2−n/2((
1

2
− t)−1)n/2

{
∫

xn/2−1

((1
2 − t)−1)n/2Γ(n

2 )
exp

(

− x

(1
2 − t)−1

)

dx

}

= (1 − 2t)−n/2where the last equation 
omes from the fa
t that the quantity inside the 
urly bra
kets is just the integralover a Gamma random variable and thus equals to 1.Theorem 6.10. If Z1, . . . , Zn are iid N(0, 1) then Y =
∑n

i=1 Z2
i ∼ χ2

n.Proof. We use mgf to prove the result. Let Yi = Z2
i and its mgf is

MYi(t) = E(etYi) = E(etX2

i ) =

∫ ∞

−∞

etx2 1√
2π

e−x2/2dx

=

∫ ∞

−∞

1√
2π

exp

(

−1

2

x2

(1 − 2t)−1

)

dx

= (1 − 2t)−1/2.So this is the mgf of χ2
1. So we have the mgf of Y is

MY (t) =

n
∏

i=1

MYi(t) = (1 − 2t)−n/2.As a result, Y =
∑n

i=1 X2
i ∼ χ2

n. �The reason why we introdu
e the 
hi-square distribution is due to the following fa
t.



3Theorem 6.11. Let X1, . . . , Xn ∼ N(µ, σ2) and S2 the sample varian
e. Then
(n − 1)S2

σ2
=

n
∑

i=1

(Xi − X̄)2

σ2
∼ χ2

n−1.Furthermore, X̄ and S2 are independent random variables.Proof. (following Exer
ise 13.83 in [1℄) First, assume X1, . . . , Xn ∼ N(0, 1). De�ne an n × n matrix A
1 by

A =



















1√
n

1√
n
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n
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n

. . . 1√
n
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2
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1√
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. . . 1√
(n−1)n
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

















.Noti
e that A
T
A = I, e.g., A is an orthogonal matrix. Let ~Y = A ~X and we have ∑n

i=1 Y 2
i = ~Y T ~Y =

~XT
A

T
A ~X = ~XT ~X =

∑n
i=1 X2

i . Also note that Y1 =
√

nX̄.The joint pdf of ~Y is
f~Y (~y) = |A−1|(2π)−n/2 exp

(

−1

2

n
∑

i=1

[A−1~y]2i

)

=
1

(2π)n/2
exp

(

−1

2

n
∑

i=1

y2
i

)

.So we have Y1, . . . , Yn are independent. We also have ∑n
i=2 Y 2

i =
∑n

i=1 Y 2
i − Y 2

1 =
∑n

i=1 X2
i − nX̄2 =

∑n
i=1(Xi − X̄)2. As a result, ∑n

i=1(Xi − X̄) and √
nX̄ are independent. Sin
e X̄ and S2 are fun
tions ofindependent random variables, we have X̄ and S2 are independent too. Furthermore, ∑n

i=1(Xi − X̄)2 =
∑n

i=2 Y 2
i ∼ χ2

n−1.If X1, . . . , Xn ∼ N(µ, σ2) we 
an re-de�ne Zi = (Xi − µ)/σ ∼ N(0, 1) and it follows sin
e ∑n
i=1(Zi − Z̄)2 =

∑n
i=1(Xi − X̄)2/σ2. �Theorem 6.6 
an be used for inferen
e of unknown µ if we know σ2. If we do not know σ2, then we 
anrepla
e it with S2 and 
onsider √n(X̄ −µ)/S instead. It turns out that this quantity follows a t-distributionwith (n − 1) degrees of freedom.De�nition 6.12. Let Z ∼ N(0, 1) and W ∼ χ2

ν . Then if Z and W are independent, the random variable
T = Z√

W/ν
is said to have a t-distribution with ν degrees of freedom. We denote T ∼ tν .If X1, . . . , Xn ∼ N(µ, σ2), we know that Z =

√
n(X̄ − µ)/σ ∼ N(0, 1) and W = (n − 1)S2/σ2 ∼ χ2

n−1.Furthermore, we know that Z and W are independent. Then by the above de�nition we have
T =

Z
√

W/(n − 1)
=

√
n(X̄ − µ)

S
∼ tn−1.So given a sample we 
an do inferen
e on µ even with unknown σ2.Now suppose we want to 
ompare the varian
es of two normal populations based on two independent randomsamples, one from ea
h population. In parti
ular, suppose we get n1 samples X1, . . . , Xn1

from populationone with varian
e σ2
1 and get n2 samples Y1, . . . , Yn2

from population two with varian
e σ2
2 . Let S2

1 and S2
2be the sample varian
es of the two samples respe
tively, then we show F =

S2

1
/σ2

1

S2

2
/σ2

2

has an F distributionbased on the following de�nition:De�nition 6.13. Let W1 ∼ χ2
ν1

and W2 ∼ χ2
ν2

be independent random variables. Then F = W1/ν1

W2/ν2

is saidto have an F distribution with (ν1, ν2) degrees of freedom. We denote F ∼ Fν1,ν2
.1A
tually the matrix A 
an be any n × n orthogonal matrix with its �rst row equals (1/

√
n, . . . , 1/

√
n).



4So we have
S2

1/σ2
1

S2
2/σ2

2

=
(n1 − 1)S2

1/((n1 − 1)σ2
1)

(n2 − 1)S2
2/((n2 − 1)σ2

2)
=

W1/(n1 − 1)

W2/(n2 − 1)
∼ Fn1−1,n2−1.This result will enable us to do inferen
e about varian
es later.


