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LECTURE &: RADEMACHER COMPLEXITY

Recall that in the proof of the Glivenko-Cantelli theorem we used the Rademacher random variables o1, ..., 0,
which are iid uniform {£1} random variables.

Definition. Let p be a proability measure on X and assume that Xi,..., X, are independent random
variables according to . Let F be a class of functions mapping from X to R. Define the random variable

Rn(F):=E

1 n
sup — o f(X;) )Xl,...,Xn ,

where o1, ...,0, are independent uniform {+1}-valued random variables. 7@”(.7-' ) is called the empirical
Rademacher averages of F. Note that it depends on the sample and can be actually computed. Essentially
it measures the correlation between a random noise (labeling) and functions in the function class F, in the
supremum sense. The Rademacher averages of F is

Rn(]:) = E[ﬁ/n(}—)]

For a function class F and a sample S = {x1,...,x,}, we would like to bound the random quantity

¢(S) := sup (Pf —Pnf) = sup (E[f(X)] - %Zf(ﬁ)) :
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First, we bound the difference between the random variable and its mean by using McDiarmid inequality.
Consider another sample S’ which only differs from S at one example. Then we have

|6(S) — &(5") =

sup(Pf —Ppf) — sup(Pf — P;f)‘ < &
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where we assume that f € [a,b] with ¢ = b — a. Then by McDiarmind inequality we have
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Thus, by setting § = exp(—2ne?/c?) we have Vf € F,

Next, we related the E[¢(S)] with the Rademacher averages. From now on, we define S' = {X{,..., X/} to



be a ghost sample of S (not the same S’ before). Note that
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Eg ,?‘;Wf —Pnf)} = Es sup (E[f(X)} - E;f(fci))}
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= 2R,(F).
So we have shown that Eg[¢(S)] < 2R, (F). Combine it with the first step (with ¢ = 1), we have shown the
first part of the following theorem:
Theorem 8-1. Let F be a set of binary-valued {0,1} functions. For all § > 0, with proability at least 1 — 6,
log(1/4)

Vf € ‘7_-’ Pf S Ipvzf+2Rn(f) + mn ’

and also with probability at least 1 — 4§,

VfeF, PfSIP’nf—FQ?AZn(]:)_;-C\/@’

where C = /2 + 1/\/5
PROOF.

First part has been proven above. For the second part, we apply the McDiarmid’s inequality again to the
empirical Rademacher averages

R (F) =

sup — Zol (X3) ‘Xl,...7Xn} .
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Note that 7A€"(.7-" ) is a function of X1, ..., X,, and satisfies the condition of the McDiarmid’s inequality with
bounded difference at most 1/n. So we have

P (znn(;f) — MR (F) > e) < exp(—ne?/2).
So with probability at least 1 — ¢,

2R(F) < 2R (F) 4 28U

So if we allow each step to be wrong with d/2 probability, then we have with probability at least 1 — 4,

log(2/9)
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Ve F, Pf<P.f+2R.(F)+C

where C = /2 + 1/\/§
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Assume that H is the hypothesis space and F = o H = {f : f(z,y) = L(y,h(x)), Vh € H} is the class
induced from H. Then the Rademacher averges of H and F are quite related. In fact, if we assume Y = {£1},
then we have

Rn(F)

E[sup Zal (Y; £ h(X ))}
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The Rademacher average R, (H) can actually be computed. Notice that
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where R, (h,o) is the empirical risk of classifier h with respect to random label o = [o1,...,0,]. When H

is so large that it can fit every random labeling perfectly, we have R, (H) = 1/2 and the bound becomes
meaningless.

The Rademacher average is related to the growth funciton and VC dimension. One can bound the Rademacher
average by the growth function or VC dimension. We could estimate Rademacher averages for function classes
which are built from simpler classes. The following is a list of properties about Rademacher averages.

1. If F € G then R, (F) < Rn(G). It follows from the definition.
2. Ru(c-F) =|c|Rn(F), where ¢- F = {z — cf(z): f € F}. Since we have

sup anz i }

where o;’s are iid Rademacher random variables. Since |c|o; has the same distribution as co;, we have

Rn(cF) =

n

1
Sup Zo'if(Xi):| = |c|Rn(F).

i=1

Rn(cF) = |c|E

3. Ru(F+g) = Rn(F), where F + g is defined as {f + g : Vf € F} and g is a fixed function. To show



this, we have

Ru(F+g)

E Jscgg% izzldi[f(Xi) +9(Xi)]:|
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= Rn(}—)

since the second term is zero.
. Let the convex hull of a set of functions F be defined as
k
conv(F) = {Zakfz C k21,020, ai=1,f1,.... fr € }'}.
i=1

Then we have R,,(F) = R, (conv(F)) since

Ro(conv(F)) = E —ZalZazf] ]

f, Ef ||a||1 n

= [E |[sup sup Zay <%Zazf7(X1)>
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= E 5upmax—Zsz] }

| fieF I
= Ru(F).

. Ledoux-Talagrand contraction inequality: If ¢; is Lipshtiz, i.e. it satisfies |¢;(a) — ¢;(b)| < L|a — b),

then
aup - Zam X)
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< LE

sup — Zal l} = LR, (F).
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