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1. THE WIENER PROCESS AND THE BLACK-SCHOLES MODEL

1.1. Definition.

In this part we will define the Wiener process, which is the fundamental building block of
continuous-time price models. We show a construction procedure for the Wiener process based
on random walks appropriately rescaled in time and space. As a byproduct, we will revisit the Bi-
nomial implementation described at the end of the previous chapter and show that the sequence of
Binomial models and their associated option prices converge when the number of time steps become
large. The limit process of the Binomial model is the celebrated Black-Scholes model.

A stochastic process is a collection of random variables X = {Xt}t≥0 indexed by time t defined
on a common sample space Ω representing all possible states ω of the “market" or “nature". The
sample space is endowed with a probability measure P . We can think of a stochastic process {Xt}t≥0

as a random measurement evolving in time (e.g. the price of a stock). Another natural interpretation
is to see X is as a random function: for each state of nature ω ∈ Ω, we observe the random path
t→ Xt(ω). Let us give the formal definition of a Wiener process.

Definition 1.1. A stochastic process {Wt}t defined on (Ω, P ) is a Wiener process if the following
conditions hold:

(1) W0 = 0;
(2) The increment or change of the process during a time period [s, t], namely Wt − Ws with

s < t, is Normally distributed with mean 0 and variance t− s;
(3) For any 0 ≤ t0 < · · · < tn, the corresponding increments Wt1 −Wt0 , . . . ,Wtn −Wtn−1 are

mutually independent;
(4) The graph of the function t → Wt, called the path of the process, is continuous with proba-

bility 1.

Notice that condition (3) means that the increments in disjoint time intervals are independent.
A process with this property is said to have independent increments. Condition (2) can be weaken
substantially. It can be shown that all what is needed is the following:

(2a) The distribution of the increment Wt −Ws depends only on the time span t− s;
(2b) E(Wt) = 0.

A process satisfying (2a) is said to have stationary increments.

Exercise 1. Compute the covariance function Cov(Wt,Ws) of the Wiener process W .
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One can statistically corroborate a Wiener process by analyzing the statistical properties of a
large number of evenly spaced sampling observations W∆, W2∆, etc. The independence of incre-
ments can be corroborated by plotting the increments Wk∆ −W(k−1)∆ against the time k∆. The set
of points should be centered around the origin without any special patterns and constant variability
along time. The empirical covariance

r̂(∆) :=
1

n− 1

n−2∑
k=0

(Wk+1∆ −Wk∆)(W(k+2)∆ −W(k+1)∆)

should be close to 0 and the histogram of the increments should exhibit the traditional bell-shaped
form of a Gaussian distribution.

Notice that the path of the Brownian motion should look very jagged, erratic, and non-smooth.
Indeed, if we only plot the Wiener process at times ∆, 2∆, etc. and ∆ is small, the change of the
process from one time step to the next can be positive or negative with the same probability. Due to
this erratic behavior, a Wiener process is a also called a Brownian motion in honor of the botanist
Robert Brown who observe for the first time a “Wiener-like" process in nature. He observed that a
pollen particle immerse in a liquid exhibit such a erratic behavior. One can modeled the position of
the particle in time as (W 1

t ,W
2
t ,W

3
t ) were the W i’s are independent Wiener processes.

1.2. Construction by random walks.

In this part we give a procedure to simulate a path of the Brownian motion. Suppose that for each
n ≥ 1, {Un

i }i≥0 are independent random variable with common distribution such that E(Un
i ) = 0

and Var(Un
i ) = 1. Consider the process

Xn
t =

1√
n

[nt]∑
k=1

Un
k

where [x] is the integer part of x. The above expression looks fancy, but it is easy to describe its
graph. This is a piece-wise constant process that jumps at times t = 1/n, 2/n, . . . by the respective
sizes Un

1 /
√
n, Un

2 /
√
n, . . . . In other words, the graph of Xn takes the graph of the random walk

X1
t =

[t]∑
k=1

U1
k =


U1

1 , 0 ≤ t < 1

U1
1 + U1

2 , 2 ≤ t < 3
...

...

and shrink the time by a factor of n and the space by a factor of 1/
√
n.

Notice that the increment

Xn
v −Xn

u =
1√
n

[nv]∑
k=[nu]+1

Un
k ,

is such that

EXn
u = 0, Var(Xn

v −Xn
u ) =

[nv]− [nu]

n
→ v − u, u < v,
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and also, Xn
v −Xn

u is independent of Xn
t −Xn

r whenever r < t < u < v. Also, for large n, Xn
v −Xn

u

has approximately the same distribution as Xn
t −Xn

r , whenever 0 < v − u = t − r. In conclusion,
for large n, Xn seems to have almost all conditions of a Wiener process and hence should look like
a Wiener process. Indeed, one can prove that

(1) {Xn
t }t≥0

D−→ {Wt}t≥0, as n→∞.

The above result is called the Donsker’s invariance theorem. In particular, we have that for a fixed
time T ,

(2) lim
n→∞

Eg(Xn
T ) = Eg(WT ),

for any continuous bounded function g. Let us remark that the sequence of random variables {Un
k }k

might not even be defined on the same probability space and hence the expectations on the left-hand
side of (2) could actually be different for each n, and also, different from the expectation on the
right-hand side.

1.3. An application: Convergence of the Binomial model to the Black-Scholes model.

Consider a discrete-time market model with evenly spaced “trading” times 0 = t0 < t1 < · · · <
tn = 1, where ∆n := ti − ti−1 = 1/n (for simplicity, we take T = 1). Suppose that {Snt }t≥0 is the
stock price process that jumps only at times ti according to a Binomial model and remains unchanged
between trading times t0, . . . , tn. Thus,

S̃n0 = S0, Snti =

{
unS

n
ti−1

with prob. pnu,
dnS

n
ti−1

with prob. pnd ,
and Snt = Sti−1

, if t ∈ [ti−1, ti)

Let us assume the CRR Binomial implementation where

(3) un =
1

dn
= eσ

√
∆n , pnu =

1

2
+

µ

2σ

√
∆n.

Our first task is to show that the Binomial stock prices {Snt }t≥0 converge to a process {St}t≥0,
which we shall identify explicitly. Remember that the parameters (3) are chosen so that the log return
Zn
k = log

Sntk
Sntk−1

satisfies

1

∆n

· E (Zn
k )

n→∞−→ µ,
1

∆n

· Var (Zn
k )

n→∞−→ σ2.(4)

The key is to observe that

Snt = S0 exp


[nt]∑
k=1

Zn
k

 .

In terms of the normalized log returns

Un
k =

Zn
k − EZn

k√
Var(Zn

k )
,
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the exponent can be written as follows:

[nt]∑
k=1

Zn
k =

√
1

∆n

Var(Zn
k ) ·

 1√
n

[nt]∑
k=1

Un
k

+
[nt]

n

(
1

∆n

· E (Zn
k )

)
,

where we used that ∆n = T/n = 1/n. In light of Donsker’s invariance theorem and (4), the above
process converges to σWt + µt, . We conclude that {Snt }t≥0

D−→ {St}t≥0 where

(5) St := S0e
σWt+µt, t ≥ 0.

Such a process is called the Geometric Brownian motion or the Black-Scholes model, though was
originally proposed by Samuelson (1965).

If we are working with the risk-neutral probability measure Qn, then we will obtain that

{Snt }t≥0
D−→ {S0e

σWt+(r−σ
2

2
)t}t≥0

since we saw that

1

∆n

· EQn

{
log

Snti
Snti−1

}
n→∞−→ r − 1

2
σ2,

1

∆n

· VarQn

{
log

Snti
Snti−1

}
n→∞−→ σ2.

One important consequence is that the CRR Binomial option prices of a simple contingent claim,
say

Πn(0) := e−rTEQn
{

Φ
(
Sn
T

)}
,

converges to

Π(0) = e−rTEQ
{

Φ
(
S0e

σWT+(r−σ
2

2
)T
)}

,

whenever Φ is bounded and continuous. Above, {Wt}t is Wiener process on certain sample space
equipped with the probability measure Q.

As a matter of an example, consider a put option with strike K. Taking Φ(x) = (K−x)+, when
x ≥ 0 and Φ(x) = K for x < 0, we conclude that the CRR Binomial prices of a put option with
strike K converges to

(6) Πput(0) = e−rTEQ

{(
K − S0e

σWT+(r−σ
2

2
)T
)

+

}
.

Exercise 2. Justify that the CRR Binomial prices of a call option with strike K converges to

(7) Πcall(0) = e−rTEQ

{(
S0e

σWT+(r−σ
2

2
)T −K

)
+

}
.

The formulas (6)-(7) lead to the celebrated Black-Scholes option prices, which became the gold
standard in industry.
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2. INFORMATION PROCESS AND CONDITIONAL EXPECTATION

Information process plays a crucial role in defining a time-continuous model for option pricing.
For instance, the minimal requirement of a trading strategy is that at any given time, the position on
an asset is determined only by the information generated by the asset’s price up to that time.

2.1. Definition.

We fix a time horizon [0, T ]. Let Z := {Zt}t≤T be a process defined on a sample space Ω. Typ-
ically, Z is the stock prices process S := {St}t≤T itself. We first define the concept of “information
generated by Z". Notice that if we knew what the state of nature ω ∈ Ω is, then we will know the
whole path of u ∈ [0, T ] → Zu. However, by time t ∈ [0, T ], all the information about the state of
nature ω is contained only in the past evolution of the process Z.

If it is possible to decide whether a given event A ⊂ Ω occurred or not based upon the observa-
tion of the path of Z up to time t, then we say that A is part of the information generated by Z up to
time t. The collection of all sets A generated by Z up to time t is denoted by FZt . If A ∈ FZt , we
say that the event A is FZt -measurable. The most fundamental examples of events A ∈ FZt are of
the form

(8) A := {Zt1 ∈ C1, . . . , Ztn ∈ Cn} := {ω ∈ Ω : Zt1(ω) ∈ C1, . . . , Ztn(ω) ∈ Cn},

for “nice" sets of real numbers C1, . . . , Cn and times 0 ≤ t0 < · · · < tn ≤ t. Notice however that
events such as

A := {ω : sup
u≤t

Zu(ω) ≥ H}

belong to FZt but can’t be written in the form (8). In the case FZ0 , also denoted hereafter FZ0 , all
sets A ∈ FZ0 are of the form

A := {Z0 ∈ C} := {ω ∈ Ω : Z0(ω) ∈ C},

for a set of real numbers C. Notice that if Z0 is constant, then

FZ0 = {Ω, ∅}.

Exercise 3. Suppose that Z is a continuous process (that is, the paths t ∈ [0, T ] → Zt(ω) are
continuous for all states of nature ω ∈ Ω). Does the event

A := {ω : lim
u↓t

Zu(ω) ≥ 1},

belong to FZt ?

We say that a random variableX isFZt -measurable, and writeX ∈ FZt , if the value ofX can be
completely determined from the values of Zu for u ≤ t. The the most fundamental FZt -measurable
random variables X are of the form

X = f(Zt1 , . . . , Ztn),
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for a “nice" function f and times 0 ≤ t0 < · · · < tn ≤ t. In the case FZ0 , a random variable X is
measurable if

X = f(Z0).

Roughly speaking, we can imagine that a r.v. X ∈ FZt is of the form

X := Φ(Zu, u ≤ t),

where Φ is a “nice" function that assigns a real number to each function ϕ defined on [0, t]. For
instance,

X := sup
u≤t

Zu,

is FZt -measurable.

The collection {FZt }t≤T is called the filtration generated by Z. A process H = {Ht}t≤T is said
to be adapted to Z or to the filtration {FZt }t≤T if Ht is FZt -measurable, for all t ∈ [0,∞).

2.2. Conditional expectation with respect to a filtration.
Suppose that {Xt}t≥0 is the underlying information process and Y is a random variable such

that EY 2 < ∞. The conditional expectation of Y given the filtration FXt is that random variable
E
(
Y |FXt

)
such that

(1) E
(
Y |FXt

)
is FXt -measurable or in simpler terms, E

(
Y |FXt

)
is a function of the values of

X up to time t;
(2) Y ∗ = E

(
Y |FXt

)
is closest to Y , in a the mean-square sense, than any other FXt -measurable

variable; that is,
E (Y ∗ − Y )2 ≤ E (Y ′ − Y )

2
,

for any Y ′ ∈ FXt .

We can say that E
(
Y |FXt

)
is the best predictor of Y which is a function of the values of X up to

time t. Another common terminology is the following:

E
(
Y |FXt

)
= E (Y |Xu, u ≤ t) ,

which is read as the conditional expectation of Y given the values of the process X up to time t.

Example 2.1. Suppose that Y ∈ FXt . What is E
(
Y |FXt

)
?

Obviously, it is hard to solve the minimization problem of (2). It turns out that the following is
an equivalent condition:

(2’) Y ∗ = E
(
Y |FXt

)
is such that

E (Y ∗1A) = E (Y 1A) ,

for any A of the form A := {Xt0 ∈ C0, . . . , Xtn ∈ Cn} with t0, . . . , tn ≤ t and arbitrary sets
C0, . . . , Cn.

The following properties are not hard to see from (2’):
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(i) E
(
E
(
Y |FXt

))
= EY ;

(ii) Suppose that X0 = 0. The, E
(
Y |FX0

)
= E (Y );

(iii) In general, if X0 = Z then E
(
Y |FX0

)
= E (Y |Z).

(iv) E(Y U
∣∣FXt ) = UE(Y

∣∣FXt ), for any U ∈ FXt .
(v) Linearity: E(aY1 + bY2

∣∣FXt ) = aE(Y1

∣∣FXt ) + bE(Y2

∣∣FXt ).
(vi) Positivity: E(Y

∣∣FXt ) ≥ 0, if Y ≥ 0.
(vii) Independence properties: If Y is independent of {Xu}u≤t (which means that Y is indepen-

dent of Xt0 , . . . , Xtn for any t0, . . . , tn ≤ t), then

E(Y
∣∣FXt ) = E(Y ).

(viii) Tower Property: For any 0 ≤ s ≤ t,

E(E(Y
∣∣FXt )

∣∣FXs ) = E(Y
∣∣FXs ).

Example 2.2. In order to get more familiar with the operation E(·|FXt ), let us check (viii) above.
Since E(Y

∣∣FXs ) is FXs -measurable, all what we need to show is that

E
[
E(Y

∣∣FXt )1{Xt0∈C0,...,Xtn∈Cn}
]

= E
[
E(Y

∣∣FXs )1{Xt0∈C0,...,Xtn∈Cn}
]
,

for all t0, . . . , tn ≤ s. Justify the following steps:

E
[
E(Y

∣∣FXt )1{Xt0∈C0,...,Xtn∈Cn}
]

= E
[
E(Y 1{Xt0∈C0,...,Xtn∈Cn}

∣∣FXt )
]

= E(Y 1{Xt0∈C0,...,Xtn∈Cn})

= E(E(Y
∣∣FXs )1{Xt0∈C0,...,Xtn∈Cn}).

Recall that FZ stands for all events A which occurrence can be determined from the value of
Z. These events are of the form A = {ω : Z(ω) ∈ C} and we can say that FZ is the information
generated by Z. The class FXt ∪ FZ denotes all the events A which belong to FXt or FZ and
symbolizes all the information generated by X up to time t or by Z. One can define

E
(
Y | FXt ∪ FZ

)
= E

(
Y | FXt , Z

)
,

as a random variable Y ∗ whose value depends only on the value of X up to time t or the value of Z
and such that

(2′) E (Y ∗1A) = E (Y 1A) ,

for any A of the form A := {Xt0 ∈ C0, . . . , Xtn ∈ Cn, Z ∈ D} with t0, . . . , tn ≤ t and arbitrary sets
C0, . . . , Cn, D. The following tower property can be deduced as above:

E(E(Y
∣∣FXt ∪ FZ )

∣∣FXt ) = E(Y
∣∣FXt ).

Exercise 4.

(1) Suppose that Y and Z are independent of {Xt}t≥0. Show that

E(Y
∣∣FXt ∪ FZ ) = E(Y |Z ).
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(2) Given two processes {Xt}t≥0 and {Zt}t≥0, what is the natural definition ofE(Y
∣∣FXt ∪ FZu )?

3. SELF-FINANCING TRADING STRATEGIES: MOTIVATION TOWARDS STOCHASTIC

INTEGRATION*

The adoption of a continuous-time stochastic model {St}t≤T for the stock, such as the Black-
Scholles model (5), necessitates to redefine the fundamental concept of self-financing trading strat-
egy. Let us recall that the fundamental problems of finance, namely arbitrage-freeness, hedging and
pricing, are defined in terms of self-financing strategies.

Roughly speaking, we can think of a self-financing trading strategy in continuous-time as the
limit of discrete-time self-financing trading strategies when the time step ∆t between trades gets
smaller. So, in principle, the final wealth of the trading strategy can be replicated as close as we want
by taking ∆t very small. This concept will be made precise in this part.

We consider a market with two assets: A stock with price process {St}t≥0 and a money market
account for borrowing and lending money. The money market account is determined by its instan-
taneous interest rate process {r(t)}t≥0. The later concept means that the if we borrow (resp. lend)
xt dollars at time t, we shall pay (resp. received) the interest xtr(t)dt at time t + dt. Notice that the
instantaneous interest rate at a time t > 0 could be unknown today at time 0. In light of this risk-free
investment, one dollar today is worth

Bt = e
R t
0 r(u)du

at time t. Indeed, having one dollar today, one can invest it in the money market account and rolling
over the interest every time step ∆t := t/n. By time t, the final wealth will be

B̃n
t :=

n∏
k=0

(
1 + r

(
k

n

)
· t
n

)
.

Taking logarithm and using that ln(1 + x) ∼ x as x→ 0, we get that

lim
n→0

B̃n
t = Bt.

That is, having one dollar today, we can generate a risk-free wealth as close to Bt as we wish by
taking a small time step ∆ between trades. Hence, $1 dollar today is worth Bt at time t or the other
way around, the present value of $1 dollar at time t is B−1

t := e−
R t
0 r(u)du.

We can represent a continuous-time trading strategy or portfolio (also called dynamical portfo-
lio) by a pair of processes h := {ht := (xt, yt) : t ≤ T}, where yt shall determine the number of
shares of the stock held at time t and xt shall determine the money invested in the money market
account at time t. Then, the value of the portfolio at time t is

(9) V h
t = xt + ytSt.

The first natural restriction of a trading strategy is that it shouldn’t be “anticipative". In other words,
the positions xt and yt should be determined based only upon the information available at time t.
Suppose that the information is generated by a process {Zt}t≥0. Typically, {Zt}t≥0 is the stock price
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{St}t≥0 itself but the minimal requirement is that {St}t≥0 is adapted to the filtration generated by Z
(why?). Then, we assume that

(A) {xt}t≤T and {yt}t≤T are adapted to the filtration generated by {Zt}t≥0.

What does a self-financing trading strategy mean? Suppose we decide to rebalance the portfolio
every ∆t := T/n during the time period [0, T ]. Is the trading strategy {ht = (xt, yt) : t ≤ T}
self-financing? Concretely, we want to know if the strategy that rebalances the portfolio at times
t0 = 0, t1 = T/n, . . . , tn = T according to ht0 , . . . , htn is self-financing. In order for this to happen,
the value Ṽ n,h

ti := xti + ytiSti of such a discrete-time strategy must satisfy that

Ṽ n,h
ti = xti−1

(1 + r(ti−1)∆t) + yti−1
Sti

for each i = 1, . . . , n. Equivalently,

Ṽ n,h
ti = Ṽ0 +

i∑
j=1

xtj−1
r(tj−1)∆t+

i∑
j=1

ytj−1
(Stj − Stj−1

),

for each i = 1, . . . , n, or what is the same,

(10) Ṽ n,h
t = Ṽ0 +

∑
tj≤t

xtj−1
r(tj−1)∆t+

∑
tj≤t

ytj−1
(Stj − Stj−1

),

for all t ≤ T . Since the concept of trading strategy is understood as the limit of discrete-time
strategies, we should understood (10) in the limit as the time step ∆t between trades gets smaller and
smaller.

The above considerations suggest to define a self-financing trading strategy or portfolio as a
process {ht = (xt, yt) : t ≤ T} adapted to the filtration generate by Z := {Zt}t≤T such that the

(B) The limits

(i)

∫ t

0

xur(u)du := lim
∑
tj≤s

xtj−1
r(tj−1)(tj − tj−1),

(ii)

∫ t

0

yudSu := lim
∑
tj≤t

ytj−1
(Stj − Stj−1

)

exist for any t ∈ [0, T ], whenever the mesh π̄ := maxj(tj − tj−1) of the discrete-times
π : 0 = t0 < t1 < · · · < tn = T converges to 0;

(C) The process V h
t := xt + ytSt satisfies that

(11) V h
t = V h

0 +

∫ t

0

xur(u)du+

∫ t

0

yudSu,

for all t ≤ T .

In financial jargon, the limit process
∫ t

0
xur(u)du is called the cumulative net gain in the money-

market account, while
∫ t

0
yudSu is called the cumulative net gain in the stock. Equation (11) says

that the value of the portfolio at any time t ≤ T equals the sum of the cumulative net gains in the
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money market account and the stock. This is precisely consistent with the idea of a self-financing
portfolio as one where there is no infusion or withdrawn of money.

Mathematically, the limits in (B) above are integrals. The integral (i) is the well-known Riemann
integral of basic calculus, while the integral in (ii) is the so-called Riemann-Stieltjes integral of yt
with respect to S. It turns out that in the case of processes of the form

St = S0e
σWt+µt,

as in the Black-Scholes model, or simply when St = Wt, the limit

(12) lim
π̄→0

∑
tj≤t

ytj−1
(ω)(Stj(ω)− Stj−1

(ω))

does not exist for all ω ∈ Ω (not even, with probability 1) in general. This fact was well-known
almost from the beginning that the mathematical foundations of Wiener process were established. It
was Itô the first one who gave a precise meaning to the limit (12) and created the stochastic calculus
for this type of integrals that now are commonly called Itô integrals. We shall develop the basis of
this theory in the rest of this Chapter.

4. STOCHASTIC INTEGRATION

Our goal is to give a precise meaning to the integral of a process {ft}t≥0 with respect to the
Wiener process {Wt}t≥0. This operator is denoted as follows:

(13) I
[a,b]

(f) :=

∫ b

a

ft dWt.

As it was mentioned before, the natural definition of (13) is as the limit of the Riemann-Stieljes sums

(14) In
[a,b]

(f) :=
n−1∑
j=0

ftj(ω)(Wtj+1
(ω)−Wtj(ω)),

when the mesh π̄ := max{tj − tj−1} of the partition π : t0 = a < t1 < · · · < tn = b vanishes.
However, such a limit does not exist in general due to the extremely erratic path behavior of W . We
shall see that if f is “nice", (14) will converge to (13) in the mean-square sense:

(15) lim
n→∞

E
(
I

[a,b]
(f)− In

[a,b]
(f)
)2

= 0.

The previous mode of convergence implies in particular that for any ε > 0, there exists a δ > 0 such
that if the mesh π̄ < δ, then

(16) P
(∣∣∣I[a,b]

(f)− In
[a,b]

(f)
∣∣∣ < ε

)
≥ 1− ε.

Coming back to the financial interpretation, we shall interpret I
[a,b]

(f) as the gain of a trading strategy
in continuous-time, and hence, (16) tells us that it is possible to replicate the gain within ε with very
high probability if the time step between trades is smaller that certain threshold δ.
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4.1. Construction and basic properties.

The idea towards (13) is to define the integral for simple processes in a natural manner and then,
consider processes that can be approximated by simple processes. Consider a process {ft}t∈[a,b] as
follows:

(17) ft(ω) :=
n−1∑
j=0

ξj(ω) 1[tj ,tj+1)(t),

for a partition π : a = t0 < · · · < tn = b and ξj ∈ FWtj . Notice that ftj = ξj and thus, the later
condition means that ft is not anticipative (namely, its values at any given time depends only on the
information available at that time). For this type of processes, called simple processes, the limit of
the Riemann-Stieljes sums (14) actually exists and is given by

(18)
∫ b

a

ft dWt :=
n−1∑
j=0

ξj(ω)
(
Wtj −Wtj−1

)
.

Next, suppose that {ft}t∈[a,b] is a process such that there exists a sequence fn of simple processes
satisfying that

(19) lim
n→∞

E

∫ b

a

(ft − fnt )2 dt = 0.

Then, it can be proved that there exists a random variable
∫ b
a
ft dWt such that

(20) lim
n→∞

E

(∫ b

a

ft dWt −
∫ b

a

fnt dWt

)2

= 0.

The random variable
∫ b
a
ft dWt is called the Itô-integral of f with respect to W on [a, b]. It was

Itô the first one to identify that the following class of functions f admits the approximation (19) by
simple functions {fn}n≥1:

Definition 4.1. The process f belongs to the classL2[a, b] if f is adapted to the information {FWt }t≥0

generated by W and

E

∫ b

a

f 2
t dt <∞.

If f ∈ L2[0, t] for all t ≥ 0, then we just write that f ∈ L2 and say that f is Itô square-integrable.

We summarize the previous claims in the following theorem:

Theorem 4.1. If f ∈ L2[a, b], then there exist a random variable
∫ b
a
ft dWt and a sequence {fn}n≥1

of simple processes such that (19) and (20) hold true. Moreover,
∫ b
a
ftdWt is identical for any se-

quence fn satisfying (19).

The main properties of the stochastic integral are given in the following result:

Proposition 4.1. Let f, g ∈ L2[a, b] and c > 0 be a real number. Then,

12



(1) (Linearity)
∫ b
a
(ft + cgt)dWt =

∫ b
a
ftdWt + c

∫ b
a
gtdWt.

(2) (Mean and variance) E
[∫ b

a
ftdWt

]
= 0 and E

[(∫ b
a
ftdWt

)2
]

= E
∫ b
a
f 2
t dt.

(3) (Covariance) E
[∫ b

a
ftdWt

∫ b
a
gtdWt

]
= E

∫ b
a
ftgtdt.

We finish with an important remark. It turns out that if f is left-continuous and adapted then one
can take fnt (ω) := fa(ω)1{a}(t) +

∑n−1
j=0 ftj(ω) 1(tj ,tj+1](t), and hence, the Riemman-Stieljes sums

In
[a,b]

(f) in (14) converges to I
[a,b]

(f) :=
∫ b
a
ft dWt in the mean-square sense (15).

The mean and variance formulas of Proposition 4.1 are actually valid even if we have at hand
certain information of the past evolution of W . Concretely, we have that

E

[∫ t

s

fudWu

∣∣∣∣Wt0 , . . . ,Wtn

]
= 0, and E

[(∫ t

s

fudWu

)2
∣∣∣∣∣Wt0 , . . . ,Wtn

]
= E

∫ t

s

f 2
udu

for any t0, . . . , tn ≤ s. These facts suggest that the conditioning expectation of the integral given “all"
the past information generated by W is still 0. We now introduce these properties in the following
section.

4.2. Martingales properties of the stochastic integral.

The treatment of the multi-period Binomial model showed that the concept of martingale appears
naturally in the problems of mathematical finance. For instance, a risk-neutral measure Q can be
defined as a probability measure such that the discounted stock-price process

S∗t =
St

(1 +R)t

is a martingale; namely, such that

EQ (S∗u |S∗0 , . . . , S∗t ) = S∗t ,

for any 0 ≤ t ≤ u ≤ T . The natural continuous-time version of the above formula is

EQ (S∗u |S∗v , v ≤ t) = S∗t ,

for any 0 ≤ t ≤ u, where the above expectation is the conditional expectation of S∗u given the
information in FS∗t . One can of course take a general informations process and define a martingale
as follows.

Definition 4.2. Let Y = {Yt}t≥0 and X = {Xt}t≥0 be a stochastic processes defined on a common
sample space Ω, equipped with a probability measure P . The process Y is said to be a martingale
relative to the filtration {FXt }t≥0 (or relative to the information generated by X) if

(1) Yt is FXt -measurable, for any t;
(2) E|Yt| <∞, for any t;
(3) E

(
Yt
∣∣FXs ) = Ys, for all 0 ≤ s ≤ t.

13



Example 4.1. Let Y∞ be a random variable such that E|Y∞| < ∞. The process Yt := E
(
Y∞|FXt

)
is a martingale relative to FXt .

The following are fundamental martingales related to stochastic integrals.

Theorem 4.2. Let f, g ∈ L2 be Itô-square integrable processes and Mt =
∫ t

0
fsdWs and Nt :=∫ t

0
gsdWs. Then,

(1) Mt is a martingale relative to FWt ;
(2) M2

t −
∫ t

0
f 2
s ds is a martingale relative to FWt ;

(3) MtNt −
∫ t

0
fsgsds is a martingale relative to FWt .

Notice that the statement (1) in Theorem 4.2 is equivalent to any of the following two equivalent
statements:

(1a) E
[∫ u

0
fsdWs

∣∣FWt ] =
∫ t

0
fsdWs, for any 0 ≤ t ≤ u;

(1b) E
[∫ u
t
fsdWt

∣∣FWu ] = 0, for any 0 ≤ t ≤ u.

Similarly, (2) in Theorem 4.2 is equivalent to any of the following two equivalent statements:

(2a) E
[(∫ u

0
fsdWs

)2 −
∫ u

0
f 2
s ds

∣∣FWt ] =
(∫ t

0
fsdWs

)2

−
∫ t

0
f 2
s ds, for any 0 ≤ t ≤ u;

(2b) E
[(∫ u

t
fsdWs

)2 ∣∣FWt ] = E
[∫ u
t
f 2
s ds

∣∣FWt ], for any 0 ≤ t ≤ u.

Exercise 5. Verify that (2a) and (2b) are equivalent.

The processes {
∫ t

0
f 2
s ds}t≥0 is called the quadratic variation of M and is denoted by 〈M〉. It

has the property that the discrete-time quadratic variation process, defined by

〈M〉πt :=
∑
tk≤t

(
Mtk −Mtk−1

)2
,

converges to 〈M〉t, in the mean-square sense, when the mesh of the partition π : t0 = 0 < t1 <

· · · < tn becomes smaller:

(21) lim
mesh(π)→0

E (〈M〉πt − 〈M〉t)
2

= 0.

Similarly, the process {
∫ t

0
fsgsds}t≥0 is called the quadratic covariation of M and N and is denoted

by 〈M,N〉.

4.3. Itô processes.

Our goal in the following section is to show a chain rule for stochastic integrals. A consequence
will be that a smooth functions of an Itô integral can be expressed as the superposition of an Itô
integrals and a Riemann integral. Such processes are called Itô processes.
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Definition 4.3. We say that {Xt}t≥0 is an Itô process if for all t ≥ 0,

(22) Xt := X0 +

∫ t

0

µsds+

∫ t

0

σsdWs,

for a constant X0 and processes µ and σ adapted to {FWt }t≥0. The term
∫ t

0
σsdWs is called the

Wiener or Brownian component of the Itô process.

The process (30) is well-defined if

E

{∫ t

0

|µs|ds+

∫ t

0

σ2
sds

}
<∞, for all t ≥ 0,

in which case one can construct {Xt}t≥0 to have continuous paths with probability 1.

We often write the process X in the following “differential form" and say that X has the follow-
ing dynamics

dXt = µtdt+ σtdWt, X0 = a.(23)

It is important to be conscious that (23) has no meaning itself except as a “convenient" way to write
(30). In particular, it is wrong to interpret (23) as the differential form of the following differential
equation:

dXt

dt
= µt + σt

dWt

dt
,

where dXt/dt and dWt/dt are derivatives. Such an interpretation is wrong (and certainly, not true)
since for instance W is known to be no-where differentiable.

Nevertheless, the terminology (23) is useful to make the following definition plausible and easy
to remember. We define the integral of a process f with respect to the Itô processes (30) by

(24)
∫ t

0

fsdXs :=

∫ t

0

fsµsds+

∫ t

0

fsσsdWs,

provided that the Riemann integral and the Itô integrals on the right-hand side are well-defined (for
instance if f is bounded).

The above definition of integral with respect to an Itô process is consistent with the Riemann-
Stieljes integral (defining the limits in a proper manner). The following result clarifies this point:

Theorem 4.3. Suppose that {ft}t≥0 is adapted to W , left-continuous, and bounded on each finite-
time interval. Then, {

∫ t
0
fsdXs}t≥0 in (24) is well-defined and satisfies that, for any ε > 0 and

T > 0,

P

(
sup
t≤T

∣∣∣∣∣
∫ t

0

fsdXs −
∑
ti≤t

fti(Xti+1
−Xti)

∣∣∣∣∣ < ε

)
≥ 1− ε,

whenever the mesh of the partition π : t0 = 0 < · · · < tn = T is smaller than certain δ > 0 (which
depends on the precision ε > 0 and the time horizon T ).
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We conclude that the Riemann-Stieljes sum
∑

ti≤T fti(Xti+1
−Xti) can be made arbitrarily close

to
∫ T

0
fsdXs with arbitrarily high probability if the mesh is high-enough. When {Xt}t≤T represents

the price process of an asset and ft represents the position in that asset at time t,
∫ t

0
fsds is interpreted

as the net gain in the stockby time t. For instance, suppose that

ft = y1[u,v](t),

where u < v are constants and y depends on the information up to time u. Then, this trading strategy
buys y units of the asset at time u, hold them until time v, and then sell them. Clearly, we expect that
the net gain at time t will be

∫ t

0

ftdXt =


0 t < u

y(Xt −Xu) u ≤ t < v

y(Xv −Xu) t ≥ v

.

Indeed, if for instance t ≥ v, the Riemann-Stieljes sum takes the form∑
ti≤t

fti(Xti+1
−Xti) = y

(
Xv(π) −Xu(π)

)
,

where v(π) is the largest ti smaller than v and u(π) is the smallest ti larger than u. Since the paths
of X are continuous with probability 1, the Riemann-Stieljes sum converge to our guess of gain
process. Such a trading strategy is called a buy-and-hold strategy. The sum

∑
ti≤T fti(Xti+1

−Xti)

can be interpreted as the net gain of a combination of buy-and-hold trading strategies. Concretely,
this strategy changes the position in the asset at times t0 < · · · < tn according to ft0 , . . . , ftn .

4.4. The Itô formula.

This section is one of the most important topics of this chapter, at least for applications in finance.
The following theorem introduces the fundamental Itô formula.

Theorem 4.4. Let X = {Xt}t≥0 be an Itô process of the generic form (30). Let f be a function that
is twice continuously differentiable. Then, f(Xt) satisfies the equation:

(25) f(Xt) = f(X0) +

∫ t

0

f ′(Xs)dXs +
1

2

∫ t

0

f ′′(Xs)σ
2
sds,

for all t ≥ 0. In particular, f(Xt) is also an Itô process with the representation:

f(Xt) = f(X0) +

∫ t

0

{
f ′(Xs)µs +

1

2
f ′′(Xs)σ

2
s

}
ds+

∫ t

0

f ′(Xs)σsdWs.

Remark 4.1. The differential form of (25) looks like

df(Xt) = f ′(Xt)dXt +
1

2
f ′′(Xt)σ

2
t dt,

which is why Itô formula is sometimes called a chain rule for Itô processes. It is also common to use
the terminology (dXt)

2 = σ2
t dt. In that case, we can write (25) in the following form which evokes
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a Taylor’s expansion of order 2:

df(Xt) = f ′(Xt)dXt +
1

2
f ′′(Xt)(dXt)

2.

One can think of (dXt)
2 = σ2

t dt as the square of the differential dXt = µtdt + σtdWt with the
convention that (dt)2 = 0 and dtdWt = 0.

Example 4.2. Itô’s formula shows that the calculus for Itô integrals differs from the standard cal-
culus. For instance, it is not true that

∫ t
0
f ′(Ws)dWs = f(Wt) − f(W0). Rather, it is necessary a

“correction" term as follows:∫ t

0

f ′(Ws)dWs = f(Wt)− f(W0)− 1

2

∫ t

0

f ′′(Ws)ds.

Hence, the following two cases follows:∫ t

0

WsdWs =
1

2
W 2
t − t,

∫ t

0

eWsdWs = eWt − 1− 1

2

∫ t

0

eWsds.

Example 4.3. Take f(x) = x2 and Xt =
∫ t

0
σsdWs. Then, (25) becomes

X2
t = 2

∫ t

0

XsdXs +

∫ t

0

d 〈X〉s .

Replacing X and 〈X〉t =
∫ t

0
σ2
sds,

X2
t = 2

∫ t

0

XsσsdWs +

∫ t

0

σ2
sds.

Since
∫ t

0
XsσsdWs is a martingale, we conclude that

∫ t
0
σsdWs −

∫ t
0
σ2
sds is a martingale, which is

consistent with Theorem 4.2.

Example 4.4. Suppose that σ is a non-random function. The aim of this example is to show that
Xt =

∫ t
0
σsdWs is a Normal random variable. In order to do so, we find the moment generating

function

m(t, u) = E
(
euXt

)
.

Using Itô’s formula with f(x) = eux,

euXt = 1 + u

∫ t

0

euXsσsdWs +
u2

2

∫ t

0

euXsσ2
sds.

Taking expectations on both sides and using that the expectation of an Itô integral is 0 and that σ is
deterministic, we get

m(t, u) = 1 +
u2

2

∫ t

0

σ2
sm(s, u)ds.

Writing this equation in differential form (treating u as a constant) and “separating variables",

dm(t, u) =
u2σ2

t

2
m(t, u)dt =⇒ dm(t, u)

m(t, u)
=
u2σ2

t

2
dt =⇒ lnm(t, u)− lnm(0, u) =

u2

2

∫ t

0

σ2
sds.
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We finally obtain that

m(t, u) = e
u2

2

R t
0 σ

2
sds.

This is precisely the moment generating functions of a Gaussian random variable with mean 0 and
variance

∫ t
0
σ2
sds.

Exercise 6. The goal of this problem is to show an Integration by parts formula for Itô processes.
Suppose thatXt = X0+

∫ t
0
µsds+

∫ t
0
σsdWs and Yt = Y0+

∫ t
0
µ̃sds+

∫ t
0
σ̃sdWs are two Itô processes.

(a) Find the following differentials:

d(Xt + Yt)
2, dX2

t , dY 2
t .

(b) Using parts (a) and that xy = {(x+ y)2 − x2 − y2}/2, show that

(26) XtYt = X0Y0 +

∫ t

0

XsdYs +

∫ t

0

YsdXs +

∫ t

0

σsσ̃sds.

4.5. The Black-Scholes model and its dynamics.

As an application of Itô’s formula and due to its great relevance in mathematical finance, let us
study the dynamics of the Black-Scholes model

(27) St = S0e
σWt+µt,

where σ ≥ 0 and µ are constants, and W is a Wiener process. Taking f(x) = S0e
x and Xt =

σWt + µt, we obtain that

St = S0 +

∫ t

0

SudXu +
σ2

2

∫ t

0

Sudu

= S0 +

∫ t

0

Su

(
µ+

σ2

2

)
du+

σ2

2

∫ t

0

SudWu.

Hence, the dynamics of the Black-Scholes model is given by

(28) dSt = St

{(
µ+

σ2

2

)
dt+ σdWt

}
.

An important consequence of the previous equation is that we can now formally define the
stochastic integrals with respect to S as follows:

G(t) :=

∫ t

0

hudSu :=

∫ t

0

huSu

(
µ+

σ2

2

)
du+

∫ t

0

huσdWu.

Recall that, being S an Itô process, this integral will be the limit of Riemann-Stieltjes sums in the
sense of Theorem 4.3. Again, in the case that S and h are interpreted as the price process of a stock
and a trading strategy, respectively, G(t) is interpreted as the gain process in the stock by time t. This
gain process can be realized, within any desired precision ε with very high probability, by running a
discrete-time trading strategy at times t0 = 0 < · · · < tn = t according to the positions ht0 , . . . , htn
with high enough trading frequency.
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It turns out that the equation (28) characterizes the geometric Brownian motion in the sense that
the only process that satisfies (28) is (27) as the following exercise proves:

Exercise 7. Suppose that, besides (27), there exists another process S̃ such that

(29) dS̃t = S̃t

{(
µ+

σ2

2

)
dt+ σdWt

}
,

and S̃0 = S0. Apply the integration by parts formula (26) and Itô’s formula to show that

d(S−1
t St) = 0.

Conclude that St = S̃t, for all t.

4.6. Multidimensional Itô formula.
It is useful to generalize Itô formula to deal with more than one Itô process and with more

sources of randomness. Suppose that W 1, . . . ,W d are d independent Wiener processes. We then
say that W := (W 1, . . . ,W d) is a d−dimensional Wiener process. An Itô process is then defined a
process of the form

Xt = X0 +

∫ t

0

µsds+
d∑
j=1

∫ t

0

σjsdW
j
s ,

where X0 is a constant and µ and (σ1, . . . , σd) are processes adapted to the information generated by
the processes (W 1, . . . ,W d). It turns out that a smooth function f(X1, . . . , Xm) of Itô processes is
an Itô process.

Theorem 4.5. Let f(t, x1, . . . , xm) be a continuous function such that ∂f
∂t

, ∂f
∂xi

, and ∂2f
∂xi∂xk

are con-
tinuous. Let

X i
t = X i

0 +

∫ t

0

µisds+
d∑
j=1

∫ t

0

σi,js dW
j
s , i = 1, . . . ,m,

be Itô processes. Then, f(t,X1
t , . . . , X

m
t ) is an Itô process which differential form is given by

df(t,X1
t , . . . , X

m
t ) =

∂f

∂t
(t,X1

t , . . . , X
m
t ) dt+

m∑
i=1

∂f

∂xi
(t,X1

t , . . . , X
m
t ) dX i

t

+
1

2

m∑
i,k=1

∂2f

∂xi∂xk
(t,X1

t , . . . , X
m
t ) dX i

t · dXk
t ,

where dX i
t · dXk

t can be found as a standard multiplication operation with the following formal
multiplication rules:

(dt)2 = dt · dt = 0, dt · dW j
t = 0, dW k

t · dW
j
t = 0, if k 6= j, dW j

t · dW
j
t = (dW j

t )2 = dt.

Example 4.5. Let us apply Itô’s formula to find the differential of the process Zt = tWt. Taking
f(t, x) = tx,

d(tWt) = tdWt +Wtdt.

Hence, Zt = tWt =
∫ t

0
Wsds+

∫ t
0
sdWs.
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Example 4.6. Let W 1 and W 2 be independent Wiener processes. Define Rt =
√

(W 1
t )2 + (W 2

t )2

be the distance from the origin to (W1,W2). Then, we can find the differential dRt as follows:

dRt =
1

Rt

(
1

2
dt+W 1

t dW
1
t +W 2

t dW
2
t

)
.

4.7. Integration by parts and the quadratic covariation process.

Let us consider two Itô processes

Xt = X0 +

∫ t

0

µsds+
d∑
j=1

∫ t

0

σjs dW
j
s , and Yt = Y0 +

∫ t

0

µ̃sds+
d∑
j=1

∫ t

0

σ̃js dW
j
s .(30)

Then, by Itô formula,

(31) d(XtYt) = XtdYt + YtdXt + dXt · dYt.

Using the multiplication rules for differentials, it is easy to see that

dXt · dYt =

(
d∑
j=1

σjt σ̃
j
t

)
dt.

Plugging in (31), we obtain the following integration by parts formula:

(32)
∫ t

0

XsdYs = XtYt −X0Y0 −
∫ t

0

YsdXs − 〈X, Y 〉t ,

where

〈X, Y 〉t =
d∑
j=1

∫ t

0

σjsσ̃
j
sds.

The above process is called the quadratic covariation of the processes X and Y .

Example 4.7. Apply the integration by parts formula to justify the following formula:∫ t

0

∫ s

0

µudWuds =

∫ t

0

(t− u)µudWu.

How can you justify the previous formula in terms of a change of integration arguments (namely, a
Fubini’s formula)?

The quadratic covariation has very important properties. First, notice that

(33) 〈X, Y 〉t = XtYt −X0Y0 −
∫ t

0

YsdXs −
∫ t

0

XsdYs.

If we approximate the last two integrals on the right-hand side using Riemann-Stieltjes sums based
on a partition π : t0 = 0 < t1 < · · · < tn = t, then it can be shown that

XtYt −X0Y0 −
n−1∑
i=0

Yti(Xti+1
−Xti)−

n−1∑
i=0

Xti(Yti+1
− Yti) =

n∑
i=0

(Xti+1
−Xti)(Yti+1

− Yti).
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Since the Riemann-Stieltjes sums converges to the corresponding integral in the sense of Theorem
4.3, we expect that for any ε > 0,

P

(∣∣∣∣∣〈X, Y 〉t −
n∑
i=0

(Xti+1
−Xti)(Yti+1

− Yti)

∣∣∣∣∣ < ε

)
≥ 1− ε,

whenever the mesh of the partition π is smaller than certain δ > 0 (which depends on ε > 0). Hence,
the discrete-time quadratic covariation

∑n
i=0(Xti+1

−Xti)(Yti+1
− Yti) can be made arbitrarily close

to 〈X, Y 〉t with high probability if the mesh of the partition is small enough.

Anothet outstanding property arises when X and Y are martingales. More specifically, suppose
that µ = µ̃ = 0 and the σj’s and σ̃j’s are Itô-square integrable processes. Then,

XtYt − 〈X, Y 〉t =
d∑
j=1

∫ t

0

(
Ysσ

j
s +Xsσ̃

j
s

)
dW j

s ,

which is a martingale. In fact, this property characterizes {〈X, Y 〉t}t≥0 as the following result states:

Proposition 4.2. Suppose that X and Y are as in (30) with µ = µ̃ = 0 and Itô-quare integrable
processes σ and σ̃. Then,

(1) Mt := XtYt − 〈X, Y 〉t is martingale relative to {FW}t≥0;
(2) If At =

∫ t
0
bsds is such XtYt − At is a martingale, then At = 〈X, Y 〉t, for all t ≥ 0.

The following property is quite outstanding. It is called the Lévy’s martingale characterization
of Wiener process.

Theorem 4.6. Let {Xt}t≥0 and {Yt}t≥0 be continuous processes adapted to the information {FWt }t≥0

generated by Wiener processes W = (W 1, . . . ,W d).

(1) If {Xt}t≥0 is a martingale relative to {FWt }t≥0 such that 〈X,X〉t = t, for all t ≥ 0, then X
is a Wiener process.

(2) If {Xt}t≥0 and {Yt}t≥0 are martingales relative to {FWt }t≥0 such that 〈X,X〉t = 〈Y, Y 〉t = t

and 〈X, Y 〉t = 0, for all t ≥ 0, then X and Y are independent Wiener processes.

Example 4.8. Consider the Itô process

dXt = µtdt+
d∑
j=1

σ̂jtdW
j
t .

Applying the Lévy’s Theorem 4.6, Bt :=
∑d

j=1

∫ t
0

1
‖σ̂s‖ σ̂

j
sW

j
s is a Wiener process. Then, X admits

an Itô representation with respect to only one Wiener process (rather than d Wiener processes):

dXt = µtdt+ σsdBt,
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with σt = ‖σ̂t‖. As an application, suppose that b and σ = (σ̂1, . . . , σ̂d) are constant processes.
Consider the Itô process S

dSt = Stbdt+ St

d∑
j=1

σ̂jdW j
t .

Then, S follows that Black-Scholes model with volatility σ = ‖σ̂‖ and mean rate of return µ =

b− 1
2
σ2 (see relation between (27) and (28)).

4.8. Correlated Wiener processes.
Let W = (W 1,W 2) be a bivariate Wiener process and let {ρt}t≥0 be a process adapted to the

information generated by W taking values in [−1, 1]. Define the processes

(34) B1
t = W 1

t , B2
t =

∫ t

0

ρsdW
1
s +

∫ t

0

√
1− ρ2

sdW
2
s .

In light of Lévy’s Theorem 4.6, B1 and B2 are Wiener processes such that

(35)
〈
B1, B2

〉
t

=

∫ t

0

ρsds.

A pair of Wiener processesB1 andB2 satisfying (35) are said to be correlated Wiener processes with
(instantaneous) correlation process {ρt}t≥0. The transformations (34) is a devise to built correlated
Wiener processes from independent Wiener processes W 1 and W 2.

Exercise 8. From Proposition 4.2, it follows that

E

(
B1
t+∆B

2
t+∆ −

∫ t+∆

0

ρsds
∣∣FWt ) = B1

tB
2
t −

∫ t

0

ρsds,

whenever t,∆ ≥ 0. Use this fact to show that

E
(
(B1

t+∆ −B1
t )(B

2
t+∆ −B2

t )
∣∣FWt ) = E

(∫ t+∆

t

ρsds
∣∣FWt ) .

The previous exercise show that under certain regularity in ρ,

lim
∆→0

1

∆
E
(
(B1

t+∆ −B1
t )(B

2
t+∆ −B2

t )
∣∣FWt ) = E

(
lim
∆→0

1

∆

∫ t+∆

t

ρsds
∣∣FWt ) = ρt.(36)

The following exercise show that we can interpret ρt as the instantaneous condition correlation be-
tween the increments of B1 and B2 at time t given the past information up to time t:

Exercise 9. We define the instantaneous correlation of two random variables given FWt as follows:

ρ
(
X, Y

∣∣FWt ) =
Cov

(
X, Y

∣∣FWt )√
Var (X |FWt ) · Var (Y |FWt )

,

where, as it should be expected,

Cov
(
X, Y

∣∣FWt ) = E
[(
X − E

[
X
∣∣FWt ]) (Y − E [Y ∣∣FWt ]) ∣∣FWt ] ,

Var
(
X
∣∣FWt ) = E

[(
X − E

[
X
∣∣FWt ])2 ∣∣FWt ] .
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Using (36), show that

lim
∆→0

ρ
(
B1
t+∆ −B1

t , B
2
t+∆ −B2

t

∣∣FWt ) = ρt

In general, we have the following concept.

Definition 4.4. Let ρ = [ρi,j]
d
i,j=1 be a d × d matrix of adapted processes taking values in [−1, 1].

We say that a d-dimensional process B = (B1, . . . , Bd)T of Itô processes are correlated Wiener
processes with correlation matrix ρ if each Bi is a Wiener process, and if for each i, j,〈

Bi, Bj
〉
t

=

∫ t

0

ρi,js ds,

or equivalently, if

dBi
t · dB

j
t = ρi,jt dt.

We remark that ρ has some constraints. Concretely, for each t, ρt is a symmetric nonnegative
definite matrix such that ρi,i = 1, for any i = 1, . . . , d.

Example 4.9. Let W = (W 1, . . . ,W d) be d−dimensional Wiener process and consider a d × d

matrix Σ = [σ̂i,j]
d
i,j=1 of processes adapter to FW . Denote σ̂i· the ith-row of Σ which is assumed to

be nonzero for each i. Define the Itô processes

Bi =
d∑
j=1

∫ t

0

1

‖σ̂i·s ‖
σ̂i,js dW

j
s .

Using the multiplication rules for differentials and Lévy’s theorem 4.6, we can easily see that B =

(B1, . . . , Bd) is a correlated Wiener process with correlations

ρi,jt =
σ̂i·t
(
σ̂j·t
)T

‖σ̂i·t ‖‖σ̂
j·
t ‖
.

The following result provides a devise to construct correlated Wiener processes from indepen-
dent Wiener processes (the analog to the construction in (34) above):

Proposition 4.3. Let W = (W 1, . . . ,W d) be d−dimensional Wiener process and let ρ = [ρi,j]
d
i,j=1

be a d× d symmetric (non-negative definite) matrix of adapted processes. Then, there exists a d× d
lower triangular matrix Σ̄ = [σ̄i,j]

d
i,j=1 of adapted processes such that

ρ = Σ̄ · Σ̄T .

Furthermore, the processes

Bi =
d∑
j=1

∫ t

0

σ̄i,js dW
j
s , i = 1, . . . , d,

are correlated Wiener processes with correlation matrix ρ.
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4.9. The generalized multidimensional Black-Scholes model.

First, consider the following generalized Black-Scholes model for the price process of an asset:

(37) St = S0e
R t
0 µsds+

R t
0 σsdWs .

Applying Itôo, it is clear tha S satisfies the dynamics

dSt = St

{(
µt +

σ2
t

2

)
dt+ σtdWt

}
.

Let us briefly digress on the financial interpretation of σ and µ. Notice that the log returns of the
asset are

ln
St+∆

St
=

∫ t+∆

t

σsdWs +

∫ t+∆

t

µsds.

Then,

µt = lim
∆→0

1

∆
E

{
ln
St+∆

St

∣∣∣∣FWt } , σ2
t = lim

∆→0

1

∆
Var

{
ln
St+∆

St

∣∣∣∣FWt } .
Hence, we can say that µt is the instantaneous mean rate of return at time t conditional on the past
information, while σt is the instantaneous volatility at time t conditional on the past information.

We can generalize (37) to cope with mutiple assets. Suppose that there areN assets in the market
with price processes given by the dynamics:

(38) Sit = Si0 exp

{∫ t

0

µisds+
d∑
j=1

∫ t

0

σ̂i,js dW
j
s

}
,

driven by a d-dimensional Wiener process W = (W 1, . . . ,W d) (uncorrelated). We first notice that
each asset stock price process Si is of the form (37) with instantaneous conditional mean rate of
return µj and instantaneous conditional volatility

σt := ‖σ̂i,·t ‖ =

√√√√ d∑
j=1

(σ̂i,jt )2.

Also, from Examples 4.9, it follows that the log returns of asset i and j at time t has instantaneous
correlation

ρi,jt =
σ̂i·t
(
σ̂j·t
)T

‖σ̂i·t ‖‖σ̂
j·
t ‖
.

In other words,

ρi,jt = lim
∆→0

Cov

{
ln
Sit+∆

Sit
, ln

Sjt+∆

Sjt

∣∣∣∣FWt }√
Var

{
ln
Sit+∆

Sit

∣∣∣FWt } · Var

{
ln
Sjt+∆

Sjt

∣∣∣∣FWt }
.
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5. STOCHASTIC DIFFERENTIAL EQUATIONS

5.1. Existence and properties.

In this part we study a d-dimensional vector Xt := (X1
t , . . . , X

n)T of Itô processes that satisfies
the following system of equations:

(39) X i
t = xi0 +

∫ t

0

µi(s,Xs)ds+
d∑
j=1

∫ t

0

σi,j(s,Xs)dW
j
s , for all i = 1, . . . , d,

where

Wt =

 W 1
t

...
W d
t

 , µ(t, x) =

 µ1

...
µd

 , σ(t, x) =

 σ1,1, . . . , σ1,d

...
σn,1, . . . , σn,d

 ,
are respectively a d-dimensional Wiener process, a d × 1 vector of functions in [0,∞) × Rd, and a
n× d matrix of functions in [0,∞)× Rd. It is convenient to write (39) in the following form

(40) Xt = x0 +

∫ t

0

µ(s,Xs)ds+

∫ t

0

σ(s,Xs)dWs.

If there exists a process X satisfying (40), we say that this process is a (strong) solution to the
following stochastic differential equations (SDE):

dXt = µ(t,Xt)dt+ σ(t,Xt) dWt,(41)

with initial condition X0 = x0. The functions µ and σ are respectively called the drift and the
diffusion terms of the SDE.

The next result gives sufficient conditions for the existence and uniqueness of the solution.

Proposition 5.1. Suppose that there exists a constant K such that the following conditions holds for
all x, y, t:

(i) Lipschitz conditions:

‖µ(t, x)− µ(t, y)‖ ≤ K‖x− y‖, and ‖σ(t, x)− σ(t, y)‖ ≤ K‖x− y‖;

(ii) Linear growth condition:

‖µ(t, x)‖+ ‖σ(t, x)‖ ≤ K (1 + ‖x‖) .

Then, for any x0, there exists a unique solution to (41) with initial condition X0 = x0 . Furthermore,
this solution satisfies the following properties:

(a) E‖Xt‖2 ≤ CeCt (1 + ‖x0‖2) ;

(b) {Xt}t≥0 is adapted to {FWt }t≥0 with continuous paths;
(c) For any t ≤ T and set C,

(42) P
(
XT ∈ C

∣∣FWt ) = P (XT ∈ C |Xt ) .
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Example 5.1. Consider the following SDE:

(43) dSt = Stbdt+ StσdWt,

where b and σ are constants. This equation is essentially the same equation as in (28). As in Section
4.5, St = S0e

σWt+(b−σ2/2)t is a solution by Itô’s formula. In Exercise (7), it is shown that the solution
is unique. Alternatively, uniqueness is a byproduct of the previous theorem since the coefficients:

µ(t, x) = bx, σ(t, x) = tx,

satisfy the Lipschitz and linear growth conditions.

The condition (42) is called the Markov property. Intuitively, this property means that the future
statistical behavior of the process depends on the past FWt only through the present value of the
process. The following are equivalent formulations of the Markov property (42):

(1) For “any" function f and 0 ≤ t ≤ T :

(44) E
(
f(XT )

∣∣FWt ) = E (f(XT ) |Xt ) ;

(2) For t ≤ t1 < · · · < tn and sets C1, . . . , Cn,

P
(
Xt1 ∈ C1, . . . , Xtn ∈ Cn

∣∣FWt ) = P (Xt1 ∈ C1, . . . , Xtn ∈ Cn |Xt ) ;

(3) If Y is a random variable whose value depends only on {Xu : u ≥ t} (the “future" path of
X) then

E
(
Y
∣∣FWt ) = E (Y |Xt ) ;

(4) For each (t, x) ∈ [0,∞) × R, let (Ωt,x, Pt,x) be a probability space equipped with a Wiener
process {W t,x

s }s≥0. Suppose that {X t,x
s }s≥t is a solution of the following SDE:

dX t,x
s = µ(s,X t,x

s )ds+ σ(s,X t,x
s ) dW t,x

s , s ≥ t(45)

X t,x
t = x.(46)

We say that {X t,x
s }s≥t starts at time t at the value x according to the drift µ and diffusion σ.

Then, X has the Markov property (42) if and only if

(47) E
(
f(XT )

∣∣FWt ) = FT (t,Xt),

where FT (t, x) = Et,x
(
f(X t,x

T )
)

and Et,x denotes the expectation with respect to Pt,x.

Notice that in light of (44) and (47),

FT (t, x) = E(f(XT ) |Xt = x).

We can interpret (47) as follows. Given the past information FWt , the future evolution of the process
is the same as if the process starts at time t at the value Xt (independently from whatever happen
with the process before time t). It is useful to see the system (45-46) as a black box which input data
are the initial position x and time t, and the final product is a realization of the stochastic process
{X t,x

s }s≥t.
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In the case that the coefficients of the SDE are time independent,

dXt = µ(Xt)dt+ σ(Xt) dWt,(48)

the solution will be time-homogeneous and the Markov property will reduces even further:

(49) E
(
f(XT )

∣∣FWt ) = E (f(XT ) |Xt ) = FT−t(0, Xt),

where FT (t, x) is as in (47).

Example 5.2. Let {St}t≥0 be the solution of (43) under a probability P . Then,

E
(
f(ST )

∣∣FWt ) = FT−t(0, St),

where FT−t(0, x) = E0,x

(
f(X0,x

T−t)
)

and {X0,x
s }s≥0 is the solution of the SDE

dX0,x
s = X0,x

s bdu+, X0,x
s σ dW 0,x

s , s ≥ 0

X0,x
0 = x.

As before, X0,x
s = x exp{σW 0,x

s + (µ− σ2/2)s}, where W 0,x is a Wiener process. Then,

FT−t(0, x) = E0,x

{
f
(
xeσW

0,x
T−t+(µ−σ2/2)(T−t)

)}
.

Of course, we could use the same Wiener process W , that drives S, and the expectation under P :

FT−t(0, x) = E
(
f
(
xeσWT−t+(µ−σ2/2)(T−t)

))
.

5.2. Feynman-Kac stochastic representation of PDEs.

The Feyman-Kac theorem provides a connection between two types of problems: a Partial
Differential Equation (PDE) and a Stochastic Differential Equation (SDE). The below version gives
a “stochastic representation" for the solution of a PDE:

Theorem 5.1. Consider the following setting:

(1) Let F : [0, T ] × R → R be a continuous solution to the following PDE with boundary
conditions:

∂F

∂t
(t, x) + µ(t, x)

∂F

∂x
(t, x) +

1

2
σ2(t, x)

∂2F

∂x2
(t, x) = 0, (t, x) ∈ (0, T )× R(50)

F (T, x) = Φ(x),(51)

for given functions σ, µ, and Φ.
(2) For each (t, x) ∈ [0, T ] × R, let (Ωt,x, Pt,x) be a probability space equipped with a Wiener

process {W t,x
s }s≥0 and let {X t,x

s }s≥t be a solution of the SDE:

dX t,x
s = µ(s,X t,x

s )du+ σ(s,X t,x
s ) dW t,x

s , s ≥ t(52)

X t,x
t = x.(53)
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Suppose also that σ(s,X t,x
s )∂F

∂t
(s,X t,x

s ) is Itô square-integrable for each t, x. Then, F (t, x) satisfies
the stochastic representation:

(54) F (t, x) = Et,x
[
Φ
(
X t,x
T

)]
,

where Et,x is the expectation under Pt,x.

Example 5.3. Though its apparently complex form, the previous theorem has important applications
in finance. For instance, suppose that one wishes to determine the value F (t, x) where F is the
solution of (50-51). One method is to use the stochastic representation of the previous theorem. It
turns out that it is not hard to write a computer program that generates realizations (simulations) of
a process {X t,x

s }s∈[t,T ] satisfying (at least approximately) (52)-(53). Suppose that we have at hand
such a program and that we generate N realizations of the process. Let us denote v1, . . . , vN the final
value X t,x

T for each of the N realizations. Then, in light of (54) and the Law of Large Numbers, we
can approximate F (t, x) by

F (t, x) ≈ 1

N

N∑
k=1

vk.

The verification of Theorem 5.1 is actually quite illustrative. These are the main steps:

(1) Applying Itô’s formula, the process Zs = F (s,X t,x
s ) has the following differential form,

where we have dropped the superscript (t, x):

dF (s,Xs) =
∂F (s,Xs)

∂t
ds+

∂F (s,Xs)

∂x
dXs +

1

2

∂F 2(s,Xs)

∂x2
(dXs)

2

=

{
∂F (s,Xs)

∂t
+ µ(s,Xs)

∂F (s,Xs)

∂x
+

1

2
σ2(s,Xs)

∂2F (s,Xs)

∂x2

}
ds

+
∂F (s,Xs)

∂x
σ(s,Xs)dWs.

The terms in the second line vanish since F solves (50).
(2) Integrating from s = t to s = T and using (51) and (53), we have∫ T

t

∂F (s,Xs)

∂x
σ(s,Xs)dWs =

∫ T

t

dZs = F (T,XT )− F (t,Xt) = Φ(XT )− F (t, x).

(3) Taking expectation both sides, this simplifies to

Et,x [Φ(XT )]− F (t, x) = 0,

which is (54).

The representation of Theorem 5.1 can be extended to cover other PDE. The following is partic-
ularly useful in finance:

∂F

∂t
(t, x) + µ(t, x)

∂F

∂x
(t, x) +

1

2
σ2(t, x)

∂2F

∂x2
(t, x)− rF (t, x) = 0,(55)

F (T, x) = Φ(x),(56)
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for given functions σ, µ, Φ, and a constant r. Suppose that {X t,x
s }s≥t is a solution to equations

(52-53). In this case, the trick is to consider the process Zs = e−r(s−t)F (s,X t,x
s ) on the interval

s ∈ [t, T ].

(1) Applying the product formula and Itô’s formula,

dZs = e−r(s−t)dF (s,Xs) + F (s,Xs)d(e−r(s−t))

= e−r(s−t)
{
∂F (s,Xs)

∂t
+ µ(s,Xs)

∂F (s,Xs)

∂x
+

1

2
σ2(s,Xs)

∂2F (s,Xs)

∂x2
− rF (s,Xs)

}
ds

+ e−r(s−t)
∂F (s,Xs)

∂x
σ(s,Xs)dWs.

Clearly, the term in the second line vanishes.
(2) Integrating from s = t to s = T and using (51) and (53), we have∫ T

t

e−r(s−t)
∂F (s,Xs)

∂x
σ(s,Xs)dWs = e−r(T−t)Φ(XT )− F (t, x).

(3) Taking expectation both sides,

F (t, x) = e−r(T−t)Et,x [Φ(XT )] .

Exercise 10. Show that if r in (55) is time dependent, then the Feynman-Kac representation takes
the form

F (t, x) = e−
R T
t r(u)duEt,x [Φ(XT )] .

The following Feynman-Kac formula begins with a SDE X starting at t = 0 and shows that the
function F (t, x) = E (f(XT ) |Xt = x) satisfies a PDE.

Theorem 5.2. Let W be a Wiener process under a probability measure P . Suppose that X satisfies
the following equation

Xt = X0 +

∫ t

0

µ(s,Xs)ds+

∫ t

0

σ(s,Xs)dWs, t ≥ 0.

Define the function

F (t, x) = E (Φ (XT ) |Xt = x) , (t, x) ∈ [0, T ]× R,

which we assume is continuous in [0, T ]×R and such that ∂F
∂t

, ∂F
∂x

, and ∂2F
∂x2 exist and are continuous

in (0, T )× R. Then, F satisfies the PDE (50) with the boundary condition (51).

The verification of the above version is also relevant. By definition, the process Zt = F (t,Xt)

is the conditional expectation
Zt = E (Φ (XT ) |Xt ) .

By the Markov’s property of X , this is the same as

Zt = E
(
Φ (XT )

∣∣FWt ) ,
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and hence, Z is a martigale relative to {Ft}t≥0. On the other hand, applying Itô’s formula,

dZt = dF (t,Xt) =

{
∂F (t,Xt)

∂t
+ µ(t,Xt)

∂F (t,Xt)

∂x
+

1

2
σ2(t,Xt)

∂2F (t,Xt)

∂x2

}
dt

+
∂F (t,Xt)

∂x
σ(t,Xt)dWt.

Since Zt is a martingale, the only possibility is that the first term on the right-hand side of the above
equation vanishes. Since this holds true for any (t,Xt), we conclude that F (t, x) satisfied (55). Also,
clearly F (T, x) = E (Φ (XT ) |XT = x) = Φ(x).
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