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STAT 695 More Splines

/ Partial Splines I \

Let {1}, be known functions on X'. The minimizer of

Z( Zﬂu% i) — wz)>2+/\J(n)

wrt. B, andneH = {f : J(f) < oo} is called a partial spline.

Write H = N; & H;, where Nj = span{¢,,v =1,...,m}. A

partial spline is simply a regular spline that minimizes

- Z — (@) — mi())® + AJ(m)

for fjo € Ho = span{¢,, v, } and 171 € H,.

\oThese and similar models are also called semiparametric modeISj

/ Periodic Splines I \

Consider f € PJ0, 1] permitting a Fourier expansion

f(z) = ao + 3772 (ay cos 2mpx + by, sin 2mpux),
where Zzozl(ai +b%) < 00; this includes all continuous functions.
One has fol(f(m))de = 5 2oy (al + b7) (2mp) .
In the space H = {f : f € P[0,1], f™) € £5[0,1]} with an IP
(f,9) = (fol fdz) (fol gda:) + fl Fm) g(m) gy the RK is given by

=14 Z (2 (cos 2mpx cos 2w py + sin 27 px sin 27w py)

2 2 —
_1+Z cos2mu(z — y)

Gyt = 1 ()" k(@ = y);

\ione—way ANOVA is built in with Af = fol fdx. J
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/ Splines as Low-Pass Filters' \

A periodic polynomial spline is the minimizer in P|0, 1] of

— Z s )\/0 (™) 2dz.

With equally spaced data, the DFT of Yand Y satisfy

Slide 3 Y, = w,Y,, where wy = 1, w, = \,_ 1/ A1+ nN),v=2,...,n.
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L-Splines I
Given a general differential operator L and a weight function
h(z) > 0, the minimizer of
1
- Z 24 / (Ln)?(z)h(z)dz
0

Slide 4

is called an L-spline; the polynomial splines are special cases.

In applications where N, = {f : Lf = 0} provides a more natural
parametric model than a low-order polynomial, an L-spline other
than a polynomial spline often provides a better estimate.

Given an RK in Hy, = {f : [, (Lf)?hdz < 00} © Ny with the IP
(f,9) = fol(Lf)(Lg)hdac, and a basis of N7, an L-spline can be
\fadily computed by the generic algorithms. J
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/ Trigonometric Splines I \

Consider f € P|0, 1] with fol fdx = ag = 0. The operator
Ly = D? + (27)? has a null space N7, = span{cos 27z, sin 27z }.

To the square norm (fol f(z) cos 2mxdx)? fo ) sin 2rzdx)?
N1, corresponds the RK cos 27z cos 2wy + sin 27z sin 27y. Take
Slide 5 h(z) =1, define H = {f: f € P[0,1],a9 =0, fOQ(sz)QdJ: < o0},
and consider H;, = H & Np. To the IP (f,g) = fol(LQf)(ng)d:c in
‘Hp corresponds the RK

i 2cos2mp(r — y)

Hele: )= 2 oy — 17

n=2
Compare fol(Lgf)2dac = (2m)* Zu o(aZ +02)(p? — 1)* with

\fOl PP = (1/2)(2m)* 00 (a2 + 02)u?, in Hy. J

~

/ Trigonometric Splines I

Consider f € P[0, 1], and the operator Lz = D(D? + (27)?) with a
null space N = span{1, cos 2mx, sin 27z }.

To (f, f) = fo f?dx) (fol f(x) cos 2mxdz)? fo x) sin 2rzdx)?
in N7, corresponds the RK 1 + cos 27 cos 2wy + sin 272 sin 27y.
Slide 6 Take h(z) =1, define H = {f : f € P[0, 1], fOQ(L3f)2da: < o0}, and
consider Hy, = H & Np. To the IP (f,g) = fol(Lg,f)(ng)de' in Hy,
corresponds the RK

= 2cos 2mu(z — y)
Z::z (2m)0p2 (2 — 1)*°

Compare fol(Lgf)2dl’ = (2m)° Zu o(aZ +b2)pu?(p? — 1)* with
\f(f@)?dx = (1/2)(2m)° 35 (a2 + b2) b, in M. /

Rs(x,y) =
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/ Exponential Splines I \

Consider L = D(D — #), which has a null space N7, = span{1, e/*}.

Write ¢1(7) = 1 and ¢o(z) = (/% — 1)/6, and consider the
transform & = ¢o(x). It can be shown that dz/dZ = e~%* and that
d*r/dz? = —fe=29%_ Tt follows that

Slide 7 , ) ) )
dacf d°f (dx df d°x Y
— = —=| —= = *D.(Dy —0)f,
72~ da? (d:}':) T raz = ( )
hence fo (d?f/dx?)%dx = fo )}2 —9¢dx. It is seen that an
L-spline with L = D(D — 0) and h( ) = =% is a cubic spline in 7.
Exponential splines with 8 > 0 can be used to model growth
curves. The parameter 6 is an extra smoothing parameter. Cubic
@lines correspond to € = 0. J
/ Thin-Plate Splines' \
A thin-plate spline is the minimizer of
1 n
0 o= T D
for z; € (—o0,00)?, where J¢ is given b
Slide 8 = i m(f)is g Y

om f 2
d coed
Z ad/ /(31,<1> 3337%) L1y L (dy,

a1+-~~+ad=m

for 2m > d. The null space N of J& (f) consists of polynomials of

()

up to (m — 1) total order, of dimension M = (“"")

The functional J2 (f) is invariant under shift and rotation of the

coordinates, so thin-plate splines are appropriate for modeling

\ieographic or spatial effects. J
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/ Thin-Plate Splines I \

Let v, be a set of polynomials that span A;. Define an IP
(f.9)0 = Sivy pif (ui)g(us),

where u; € (—o0,00)¢, p; > 0, Zﬁilpi = 1 are specified such that
the Gram matrix with the (v, u)th entry (¢, ,)0 is nonsingular.

Let ¢, v=1,..., M, be an orthonormal basis with ¢;(x) =1 and
(Dv, Pu)o = O p; Zﬂil oy (x)d,(y) is the RK in AV;. In the space
Hy={f:JL(f) < oo} &N with J(f) as the square norm, the
RK is given by

Ry(z,y) = (I — Pay)(I — Py))E(|lz — yl),

where (Pf)(z) = Zﬂ/le(f, ®v)ody(x) is the projection operator onto
KN} and E(z) = 0,, 4 2*™%(log z)%1¢ even) for some constants 6,, 4. J

4 N
Thin-Plate Splines I

In the above construction, a onw-way ANOVA decomposition is
built in with Af = Zf\il pi f(u;), with span{¢,,v =2,..., M}
containing the parametric “contrast” and H; containing the

nonparametric “contrast”.

Thin-plate marginals can be used to construct tensor product
RKHS, and the resulting PLS estimates are known as the tensor
product thin-plate splines.

Thin-plate marginals with d > 1 are mathematically multivariate
but conceptually univariate. For d = 1, the thin-plate splines
reduce to polynomial splines.

N /
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