STAT 695 Model Construction 1

/ Linear Spaces I \

For elements f, g, h, ..., define the operation of addition
satisfying (i) f+g=9g+ f, (i) (f+9)+h=f+ (g+h), and (iii)
For every f,g, 3h such that f + h = g; (iii) implies the existence of
an element 0 satisfying f +0 = f, Vf.

Slide 1 Further, define the operation of scalar multiplication satisfying
alf+g9)=aftag, (a+B)f=af+5f, 1f =f and 0f =0,

where «, (3 are real.

A set L of such elements form a linear space if f,g € £ implies
that f +g € £ and af € L, for « real.

A set of elements f; € £ are linearly independent if ), a; f; =0
holds only for a; = 0, Vi. The dimension of £ is the maximum
Qumber of elements that can be linearly independent. J

Functional and Bilinear Form.

A functional in £ operates on an element f € £ and returns a real
value. A linear functional L in £ satisfies L(f + g) = Lf + Lg,
L(af) =aLf,Vf,g € L, Va real.

A bilinear form J(f,g) in L takes f,g € £ as arguments and
returns a real value, satisfying J(af 4+ 8g,h) = aJ(f,h) + 8J(g, h),
J(f,ag+ph) =al(f,g)+BJI(f h),Vf,g,h € L, Va, [ real.

Slide 2

Fixing f, a bilinear form J(f, g) is a linear functional in g. A
bilinear form J(-,-) is symmetric if J(f,g) = J(g, f),
non-negative definite if J(f, f) >0, Vf € L, and positive
definite if J(f, f) = 0 holds only for f = 0. For J(-,-) n.n.d.,
J(f)=J(f, f) is a quadratic functional.

/
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Inner Product, Norm, Distance'

A linear space is often equipped with an inner product, a p.d.

bilinear form (-,-). An inner product defines a norm in the linear

space, ||f|| =/ (f, f), which induces a metric to measure the

distance between elements in the space, D[f,g] = || f — g]l-
Slide 3
There hold the Cauchy-Schwarz inequality,
[(F )l < £ gl
with equality if and only if f = ag, and the triangle inequality,
Lf =+ gll < [If11 +1lgll,
with equality if and only if f = ag for some a > 0.
/ Convergence, Continuity, Hilbert Spaces I
A sequence {f,} converges to its limit point f, lim, .. f, = f
or f, — f,if lim, o ||fn — f|| = 0.
A functional L is continuous if lim,, ., Lf, = Lf whenever
lim, o fr = f; (f,g) is continuous in f or g.
Slide 4

A Cauchy sequence {f,} satisfies lim,, y,—o00 || fn — fin]| = 0. A
linear space L is complete if every Cauchy sequence in £

converges to an element in L.

An element is a limit point of a set A if it is the limit point of a
sequence in A. A set A is closed if it contains its own limit points.

A Hilbert space H is a complete inner product linear space. A

\ilosed linear subspace of H is itself a Hilbert space. J
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4 N

Projection, Tensor Sum'

The distance between f € ‘H and a closed linear subspace G C H
is D[f,G] =infycq || f — g||. There exists fg € G, the projection of
fin G, such that ||f — fg|| = DIf, G|

One has (f — fg,9) =0, Vg € G. The closed linear subspace

Slide 5 G°={f:(f,9) =0,VYg € G} is the orthogonal complement of G.
The unique decomposition f = fg + fge, Vf € H, forms a tensor
sum decomposition H = G & G°.

A nn.d. J(f,g) defines a semi-inner-product inducing a square
seminorm J(f) = J(f, f), with null space N; = {f : J(f) =0}.
One may define j(f, g), satisfying (i) p.d. in N and (ii) for every
f, 3g € Ny such that J(f — g) = 0, to make (J + J)(f,g) p.d.;

\/\/ 7 ® N forms a tensor sum decomposition. J

/ Hilbert Space Example' \

& Vector Space: Functions on {1,..., K} are vectors of length K.
Consider the Euclidean inner product (f,g) = 3% | f(z)g(z) = fTg.
The space G = {f: f(1) =--- = f(K)} is a closed linear subspace with
an orthogonal complement G = {f : "% | f(z) = 0}.

Write f = X | f(z)/K. The bilinear form
J(f,9) = 2oy (f(2) = Plglz) —g) = fT(I - 117 /K)g

defines a semi-inner-product in the vector space with a null space
Ny = {f f()y=---= f(K)} Define J(f,g) = CfT(llT/K)g x fg.
One has an inner product in the vector space,

(f,9) = +)(f,9) = fT(I+(C— 111" /K)g,

which reduces to the Euclidean inner product when C' = 1. On

\i/'; ={f: 3% f(z) =0}, J(f,g) is a full inner product. J

Slide 6
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/ Hilbert Space Examplel \

& Lo Space: Consider £2[0,1] = {f: fol f?dx < oo} with an inner
product (f,g) = fol fgdz. The space

G={f:f=9glu<os,9 € L2[0,1]}

is a closed linear subspace with an orthogonal complement

“={f:f=9lw>05,9 € L2[0,1]};

elements in £2[0, 1] are defined by equivalent classes.

Slide 7

The bilinear form J(f, g) = foo‘s fgdx defines a semi-inner-product in
L]0, 1], with null space Ny = {f : f = glz>0.5],9 € L2[0,1]}. Define
J(f,9) = C’fOI.5 fgdx. One has an inner product on £2[0, 1],

(£.9) = (J + )(f.9) = [ fodz +C [, ; Foda.
\On N§ = L2 6Ny, J(f,g) is a full inner product. J

Riesz Representation, Reproducing Kernel'

¢ Riesz Representation Theorem: For every continuous linear

functional L in a Hilbert space H, there exists a unique g; € H,
the representer of L, such that Lf = (g;, f), Vf € H.

Slide 8 Consider a Hilbert space ‘H of functions on domain X. If the
evaluation functional [z]f = f(x) is continuous in H, Vx € X', then
H is a reproducing kernel Hilbert space. [The likelihood part
of penalized likelihood functional typically involves evaluations.|

By the Riesz representation theorem, there exists R, € H, the
representer of [z](+), such that (R, f) = f(z), Vf € H. The
reproducing kernel R(z,y) = R,(y) = (R, Ry) has the

reproducing property (R(z,-), f(+)) = f(z).

/
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Reproducing Kernel Hilbert Spaces'

& The £5]0, 1] space is not an RKHS. Since elements in £2[0, 1] are
defined not by individual functions but only by equivalent classes,

evaluation is not even well defined.

Slide 9 & Consider the vector space with the Euclidean inner product
(f,9) = fTg. The vectors are functions on X = {1,..., K}, and the
evaluation [x]f = f(z) is coordinate extraction. Since f(x) = el f,
with e, the zth unit vector, one has Ry (y) = I[;—,). A bivariate
function on {1,..., K} can be written as a square matrix, and the
RK in the Euclidean space is simply I.

e A finite-dimensional Hilbert space is always a reproducing kernel

/ Non-Negative Definite Function and RKI \

A bivariate function F'(x,y) on X is non-negative definite if
Zij a;o; F(zi,x;) >0, Vo; € X, Vo real.

Hilbert space, as all linear functionals are continuous.

For R(z,y) = R.(y) an RK, || 3, i Ry, ||* = Zi,j oo R(wi, x).

) ¢ Theorem: For every RKHS H of functions on X, there
Slide 10 corresponds an unique RK R(z,y), which is n.n.d. Conversely, for

every n.n.d. function R(z,y) on X, there corresponds a unique
RKHS H that has R(z,y) as its RK.

) Theorem: If RK R of H on X decomposes into R = Ry + R,
with Ry and R; n.n.d., Ro(x,-), Ri(x, ) € H, Vx € X, and
(Ro(x,-),R1(y,-)) =0, Vx,y € X, then H = Ho & H;y, where H;
corresponds to R;. Conversely, if Ry and R; are n.n.d. and

\\Hoﬂle{O},thenH:Ho@HlhasanRKR:Ro—l—R1. J
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/ RKHS and Splines' \

Elements of an RKHS H of functions on domain X with an RK
R(z,y) = R;(y) are linear combinations ) «o;R,, and their limits.

Much like a vector space as the column space of some matrix, an
RKHS is “generated” from the “columns” R, = R(z,-) of the RK,
Slide 11 for which any n.n.d. function on X qualifies.

Recall the penalized least squares functional
1« 5
— > (Yi— f(2:)* + M ().
i=1

J(f) shall be taken as a quadratic functional with a
finite-dimensional null space N; = {f : J(f) = 0}. J(f) is typically

quuare seminorm in an RKHS. J
/ Reproducing Kernels in Vector Spaces' \

Consider the column space of a K x K n.n.d. matrix B,
Hp={f:f=Bc= Zj ¢;B(-,j)}, equipped with the inner
product (f,g) = f7 By.

Since B*B = BB™ is the projection matrix onto Hg, BTBf = f,
Slide 12 Vf € Hp. One has [z]f = f(z) = el f = eI BTBf = (Bte,)! Bf,
Vf € Hp, thus the representer of [z](-) is the zth column of BT,
and hence the RK of Hp is R(x,y) = BT (x,y).

Consider a decomposition of RK in the Euclidean space,
I[x:y] = 1/K + (I[m:y] — 1/K), or [ = (llT/K) + (I — 11T/K).
This defines a tensor sum decomposition Hg @ H;y, where

Ho={f:f(1)=-=f(K)}and H1 = {f : Xu, f(z) =0}. A
\ile—way ANOVA is built in with Af = 325 | f(z)/K. /
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Discrete Splines: Shrinkage Estimates'

A spline on X = {1,..., K} can be defined as the minimizer of

n

1
~ > (Yi—n(:)*+ An"Bn,

i=1

Slide 13 which is a shrinkage estimate.

& With B=1-117/K, or fTBf = Y5, (f(z) — )%, f(x) are
shrunk towards the mean f; the penalty appears natural for a
nominal z.

& With fTBf = Zfzz(f(a:) — f(x —1))2, f(z) at adjacent levels

are shrunk towards each other; the penalty appears natural for an
ordinal z. The null space of fTBf is still {f: f(1) =--- = f(K)},
Qut the internal “scaling” of ‘Hp is different. J

/ Polynomial Smoothing Splines' \

Consider the space C(™[0,1] = {f : f(™ € £5]0,1]} on X = [0,1].
A polynomial smoothing spline is the minimizer of

LSy e REIN
2 0+ [

Slide 14 i i i )
It is a piecewise polynomial of order 2m — 1 (m — 1 beyond the first

and last knots), with up to the (2m — 2)nd derivatives continuous.

J(f) = fol (f"™)2dz is a square seminorm in C(™ |0, 1], with
polynomials of orders up to m — 1 as its null space N.

& With m = 2, one has the cubic splines.

& With m = 1, one has the linear splines, broken lines that are flat

\ieyond the first and last knots. J
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A Reproducing Kernel in C(™)]0, 1]

For f € C("™)][0,1], the Taylor expansion gives

m—1 1 m—1
0 =3 S0+ [ s
Slide 15 where (-); = max(0,-). With an inner product

(f,9) = 00 F@(0)g™(0) + [ g™ da,

the representer of evaluation [z](+) is seen to be
m—1 ,, 5 1 m—1 m—1
B oy (x—u)+ (y—u)+
Raly) = Z v! vl o (m-=1)! (m-—1)! du.

v=0
The RK decomposes naturally, and J(f) = fol (f0")2dz is p.d. in
\HJ = {f: fW0)=0,v=0,...,m — 1, [ (f0™)%dz < oo}. /

/ Linear and Cubic Splines' \

& Setting m = 1, the RK becomes

R(z,y) = Ro+ Ry = 1+f01(x—u)+(y—u)+du: 1+xAy.

A one-way ANOVA is built in the tensor sum decomposition with
Slide 16 Af = f(0).

& Setting m = 2, the RK becomes
R(z,y) = Roo + Ror + Ry = 1 + oy + fol(x —u)4(y — u)ydu;

the RK in Ny = {f: f = By + (1} further decomposes into two
terms. A one-way ANOVA is built in the tensor sum decomposition
with Af = f(0); Ro1 generates the “parametric contrast” and Ry

\ienerates the “nonparametric contrast.” J
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/ Bernoulli Polynomials I \

Define periodic, real valued functions

exp 27r1,ux)
o(z) = — ., or=1,2,...,
= % +z) L),

pU=—00

where i = v/—1. One has k,(,p) =kr—p,p=1,...,7r =2 and
kyfl)(x) = k1 (x) for z not an integer; ky(x) = x — 0.5 on (0,1).
Set ko(x) = 1. These are scaled Bernoulli polynomials &k, = B,./r!.

e From kq(z), the k,(z) functions can be obtained by successive
integrations; note that fol kr(z)dx = 0. One has

k@) = 3 (B@) - 55),

o J
-

Another Reproducing Kernel in C™)[0, 1] I

For f € C(™)[0,1], it can be shown that

=3 k@ / P )y + / (k) — (& — )™ ().
With an aVI;Zrnative inner product
(f:9) = S0 (Jo FVd)(fy ¢Wda) + [y £ g™ da,
the RK is given by
Ra(y) = (S0 k(@) ko ()] + (i () () + (=1)™ Leam (2 = p)].

e The different norm in A; changes the composition of
H; = C™][0,1] © Ny; the side conditions are now fol fWdx =0,
v=20,...,m—1.

N /
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/ Linear and Cubic Splines' \

& Setting m = 1, the RK becomes

R(z,y) = Ro + Ry = 1 + [k1(2)k1(y) + ka(x — y)]

A one-way ANOVA is built in the tensor sum decomposition with
Slide 19 Af = [y fdz.

& Setting m = 2, the RK becomes
R(z,y) = Roo + Ro1 + R1 = 1+ k1(2)k1(y) + [k2(2)k2(y) — ka(z — y)]

the RK in Ny ={f: f = o + f12} further decomposes into two
terms. A one-way ANOVA is built in the tensor sum decomposition
with Af = fol fdx; Rgy generates the “parametric contrast” and Ry

@nera’ces the “nonparametric contrast.” J

Solution Expression, Computation'

Write n € (™[0, 1] as

n(zr) = Z dyou(x) + ZCiRJ(ﬂfi,x) + p(x),

Slide 20 where N; = span{¢,}, Ry is the RK in H; = C(™)[0,1] © N, and
J(Ry(x;i-),p) = p(z;) =0,i=1,...,n. The penalized least

squares problem reduces to
(Y — Sd — Qc)T(Y — Sd — Qc) + nAcP'Qc + nA J(p),
where S; , = ¢, (x;) and Q; ; = Rj(x;, x;); at the minimum p = 0.

e One would need a basis of A/; and the RK in H;, but nothing

else. In particular, an explicit J(f) is not needed.

N /
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/ Tensor Product RKHS. \

¢ Theorem: For R, (z1,,y1,) n.nd. on Xy and R (22, y2))
n.n.d. on Xz, R(x,y) = Ra,(za,,y1,) R (T2),Y2) is n.n.d. on
X = Xl X XQ.

Given H, on &7 with RK R, and H 9, on &> with RK R 3,, the
Slide 21 space corresponding to R = R 1,2, on X} X X5 is the tensor
product space H 1, ® H 2.

Given ‘H v, = Hoyy @ Hi(y, with built-in one-way ANOVAs, one
may construct tensor product space with multi-way ANOVA,

H =

T ®-

1(H0<’Y> ® Hiey)

=o{( 8, M) © (8 Howm) | = s

o J

/ TPRKHS on Discrete Domain' \

A function on {1,...,K;} x {1,..., K3} can be written as a vector
of length K1 K>,

f: (f(]-7]-)7"'7f(17K2)7"'7f(K171)7"'7f(K17K2))T7
Slide 22 and an RK as a (K7 K>3) x (K7 K2) matrix.

Based on I = (11/K) + (I — 11/K), one has

Subspace Reproducing Kernel
Hoq1y @ Hoqz) (1r, 1%, /K1) ® (1k, 1%,/ K2)
Hoc1y @ Hiz2y (1K11£1/K1)®(IK2 —1K21,{<2/K2)
Hiqy ® Hog) (I, — 1r, 1k, /K1) ® (1i, 1%, / K2)

Hiy @ Hiey Uk, —1K117[;1/K1)®(IK2 —1K217};2/K2)
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/ Tensor Product Cubic Splines' \

4 N

Tensor Product Linear Splines'

Based on Ry + Ry = 14 2 Ay on [0, 1], one has the product RKs

Ho2y Hi2y
Hoq1) 1

Hiqy | zay ANy

Z2) NY2)
(may Ayay) () Ayey)

with A; f = f(0,2.2,) and Asf = f(z.,,0) in two-way ANOVA.

Based on Ry + Ry = 1+ [k1(x)k1(y) + ko(x — y)], one has a similar
construction but the averaging operators become A; f = fol fdz g,

and Aof = [ fdz .

e One may use different marginal RKs, which may imply different

/

averaging operators on different axes.

Based on Roo+Ro1+R1 = 1+ ki(z)k1(y) + [k2(2)k2(y) — ka(z —y)],
one has the product RKs

HOO<2> H01<2> H1<2>
Hoo 1y 1 Ro12, Ry 9
Hoiay | Rorry  RoirayRoiey  RoiayRig,
Hiqy | Rigy  RigyRoiey,  RigyRig

A two-way ANOVA is built in with A; f = fol fdz i, and
Aof = fol fdz 2,; the main effects each contain two terms and the
interaction contains four.

e As with linear splines, one may use different marginal RKs that

\\may imply different averaging operators. J
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Multiple-Term RKHS I

Consider H = ®@gHg, with Hg having inner products (f, g)s and
RKs Rg. Scaling and adding (f, ¢)g, an inner product in H and the
associated RK are given by

J(f,9) =505 (f3,95)8, Ry = 505Rs,
where f3 and gg are projections of f and g in Hg.

When some of the 6 are set to oo, J(f,g) defines a
semi-inner-product in ‘H = ®gH 3, which may be used to specify

the penalty J(f) = J(f, f).

Subspaces not contributing to J(f) form the null space
Ny ={f:J(f) =0}. Subspaces contributing to J(f) form the

& Consider H = &, Ho u, v, = 00,01, 1, where Hy , = Ho1y @ Hpu2y
with inner products (f,¢).,, and RKs R, , = Ry(1yRu(2y. One may set

J(f,g9) = eiéo(f, g)1,00 + 9(;01,1(f79)00,1
+0501(f, 91,01 + Oo11 (f, 911 + 071 (f,9)11,
with a null space Ny = span{1, ki(z ), k1(z2) ), k1(zq))k1(z2)}-
The minimizer of the penalized LS problem has an expression
n(T) =32, 1—00,01 Qubvu(T) + 327 ciRy(zi, ),
where ¢, ,, are given in the expression of AV; and
Ry = 61,00R1,00 + 600,1R00,1 + 01,01 R1,01 + 60o1,1Ro1,1 + 01,1 R1,1.

To fit an additive model, one removes ki (z 1y )k1(z2)) from N; and sets

@aCGHJ:H@NJ. J
/ Tensor Product Cubic Splines' \

\ﬁ,m =06o1,1 =011 =0. /
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On X ={1,..., K}, consider n = al + n;, with independent priors
a~ N(0, 7'2) for the mean and n; ~ N(0,b(I — 117 /K)) for the
contrast; 1 =0 a.s. and 7 = Zle n(z)/K = a. The posterior
mean F[n|Y] is given by the minimizer of

1 <& Lo, 1 a
LSk + 5 ot
i=1 z=1
Letting 72 — oo and setting b = 02 /n\, one gets the shrinkage
estimate (slide 13) with B=1 - 117 /K = (I — 117 /K)*.
e In the limit, « is said to have a diffuse prior.

e This setting may be perceived as a mixed-effect model, with a1

/ Shrinkage Estimates as Bayes Estimates' \

14

Qeing the fixed effect and 7, being the random effect. J

/ Polynomial Splines as Bayes Estimates'

Consider n = ng +n1 on X = [0, 1], with ng and 7; having

independent Gaussian priors with mean 0 and covariance functions
Elno(@)no(y)] =72 3201 du(@)du(y),  Elm(z)m(y)] = bRi(z,y).
Observing Y; ~ N(n(z;),0?), it can be shown that

Eln(z)|Y] = (b&¢" + 2¢" ST)(bQ + 725ST + 021)71Y,

where Q; ; = Ri(x;,z;), Siv = ¢u(x;), and & = Ri(x;, ). Setting
n\ = 02 /b and letting 72 — oo, one has

Eln(z)[Y] =¢"d+¢&" ¢,

where ¢ and d minimize the penalized LS score (slide 20)

\\ (Y — Sd — Qc)T(Y — Sd — Qc) + nAcTQc. J
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/ Smoothing Splines as Bayes Estimates' \

Consider an RKHS H = ©}_,Hs on X with an inner product

(f:9) =X h—o05"(f,9)5 =X h_o 05" (f5,95)5

and an RK R(z,y) = > 5_, 0sRs(7,y); assume a finite-dimensional Ho.

Observing Y; ~ N(n(x;),c?), a smoothing spline on X’ can be defined as
Slide 29 the minimizer in H of the penalized LS functional

n

% S Vi =n@)® + XD 05 (n,n)s.

i=1 B=1

The solution is the posterior mean of n = Z’B’:O ng, where no is diffuse in
Ho and ng, B =1,...,p, have independent mean 0 Gaussian priors with
covariance functions E[ns(x)ns(y)] = b0sRs(x,y), where b = o /n.

e Perceived as a mixed-effect model, 79 contains the fixed effects and ng,

Q: 1,...,p, are the random effects. J

/ Minimization of Penalized Functional. \

A functional A(f) in £ is Fréchet differentiable if A; ,(0) exists and is
linear in g, Vf, g € L, where Af 4(a) = A(f + ag) is a function of « real.
A(f) is convex if A(af + (1 —a)g) < aA(f) + (1 —a)A(g), Va € (0,1).

¢ Existence Theorem: Suppose L(f) is a continuous and convex
Slide 30 functional in a Hilbert space ‘H and J(f) is a square (semi) norm in H
with a finite-dimensional null space N;. If L(f) has a unique minimizer
in Ny, then L(f) 4+ (\/2)J(f) has a minimizer in H.

¢ Theorem: Let L(f) be continuous, convex, and Fréchet differentiable
in a Hilbert space H with a square (semi) norm J(f). If f* minimizes
L(f)in C, ={f: J(f) < p}, then f* minimizes L(f) + (A\/2)J(f) in H,
where \ = —pflLf*’fl* (0) > 0, with f{ the projection of f* in H & N.
Conversely, if f° minimizes L(f) + (A\/2)J(f) in H, then f° minimizes

L(f) in {f - J(f) < J(f°)}-
N /
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