STAT 695 Introduction 1

/ Cubic Smoothing Spline' \

Consider a regression problem Y; = n(z;) +¢€;, i = 1,...,n, where
z; €[0,1] and €; ~ N(0,02). A cubic smoothing spline is the
minimizer 7, of a penalized least squares score,

1 ¢ !
— Y, — n(x; 2+)\/ i2dx.
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It is a piecewise cubic polynomial, with the third derivative
jumping at the knots §; < & < --- < &4, the ordered distinctive z;;
it is linear beyond the first and the last knots.

Alternatively, one may solve a constrained LS problem,

1 1
o1 Y; . ; 2’ biect t ..2d < ).
min — Z( n(z;)) subject to /0 i dx < p

N J
/ Role of Smoothing Parameter' \

With A = oo, one has n(x) = y + f1x. With A = 0, one has the

minimum curvature interpolant.

The smoothing parameter A controls the trade-off between the
goodness-of-fit and smoothness of 7). Its proper selection is crucial

to the practical performance.

Slide 2

Consider a simple simulation with
x; = (1 —0.5)/50, i = 1,...,50,
n(z) = 14 3sin(2rx — m), and

2

o 1. The estimate 1) was cal-

culated at log;, nA = 0, —3, —6.

/
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/ Penalized Likelihood Method. \

To estimate n(x) on a generic domain X using stochastic data, one

may use the minimizer of
L(n|data) + (A/2).J(n),

Slide 3 where L(n|data) is the minus log likelihood and J(f) is a quadratic
roughness penalty, with a null space N; = {f : J(f) = 0}.

Alternatively, one may use constrained maximum likelihood,
min L(n|data), subject to J(n) < p.

The solution usually falls on the boundary {n : J(n) = p}, and by
the Lagrange method, the solution can be obtained through

\penalized likelihood. J

/ Penalized Likelihood Method. \

& REGRESSION: Observing (z;, Y;) from exponential family

Vi ~ exp{(yn(z) — b(n(x)))/a(¢) + c(y, ¢)},

one may estimate n(x) using the minimizer

1 — \
Slide 4 - ;{Ym(xi) = b(n(wi)} + 57 (n).
& DENSITY ESTIMATION: Observing X; from f(z) = e"/ fx edz,

one may estimate 7n(z) by the minimizer of

—% i {U(Xz‘) - 10g/

e”dx} + iJ(n).
x 2

A side condition, say [ + Ndx =0, shall be imposed on 7 for a

\Sle—to—one transform f « e/ [, edx. J
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/ Penalized Likelihood Method. \

& HAaZARD ESTIMATION: Let T be the lifetime of an item with
survival function S(t|u) = P(T > t|u), possibly dependent on a
covariate U. The hazard rate is given by

1) — i Pt+At>T >tlu)  0OlogS(tu)
a0 (AOP(T > tlu) ot

Let Z be the left-truncation time and C be the right-censoring
time, independent of 1" and of each other.

Observing (U, Z;, X4, 6;), where X = min(T,C), § = Ij7<¢), and
Z < X, one may estimate the log hazard n by the minimizer of

1 & Xi A
-~ {52'77()(1'7 Ui) — / en(t’Ui)dt} + 5J ().
i Zi 2

N ] /
/ ANOVA Decomposition I \

Consider one-way ANOVA Y;; = p; + €5, 1 =1,..., K, where

i; = i+ «;. The identifiability is through a side condition such as
K

a;=0or) ", a =0.

Recasting the model as Y; = f(z;) + ¢;, where f(x) is defined on
X ={1,...,K}. The decomposition p; = u + a; becomes

f@)=Af+ T —-A)f = fo+ [,
where A “averages out” x to return a constant; examples include

Af = f(1) (1 =0) and Af = 32, f(2)/K = F (X2 00 = 0),
On X = [a,b], one may use Af = f(a) or Af = f; fdx/(b— a).

e The averaging operator A satisfies A(Af) = Af. The “treatment

\iﬁ’ect” fo satisfies Af, = 0. J
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-

ANOVA Decomposition I \

For f(z) = f(zay,...,xo,) on X = ngl X, one has

fz{li[l(I—AWrAv)}f:g{H(I—AW)HAw}fzgfsa

vES V€S
Slide 7 where S C {1,...,I'}; fp =[] A, f is the constant,
fy=Ffy =T = Ay) [1ae, Aaf is the 2, main effect,
frs = fyey =T — Ay — As) Hayﬁ’y,(s Ao f is the zy)-z 5
interaction. The terms satisfy side conditions A, fs =0, VS > .

¢ Proposition: For any two sets of averaging operators A, and
A, [I,ez(I —Ay)f =0if and only if [[ (I — A))f =0, where T

is any index set.

Q f = fo+ fi + f2isintrinsic, f = fp + f1 + f1,2 is not. J

/ ANOVA Decomposition I \

& On X = [0,1)%, with A1 f = f(0,z(2,) and A2f = f(z(1y,0), one has
fo = A1A2f = f(0,0),
fi=U—A1)Axf = f(zq),0) — £(0,0),
fa=A1(I — A2)f = f(0,z(2y) — f(0,0),
fiz=I—-A1)I - A2)f
= f(zay,z2y) — f(z1y,0) — (0, z(2y) + £(0,0).
With Ay f = [y fdz(y), v = 1,2, one has
fo=A1Asf = [y [} fdw1yda oy,
fi= (0= A)Aof = [§(f = [y fdwy)de),
f2=A(I = A2)f = [§(f = [y fdw))deqy,
fizg=UI—-A1)I - A2)f
= [ — Jo fdzey = [o fdeay + [3 [y fdwayda ).

N /
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Curse of Dimensionality'

Consider uniformly distributed data on X = [0,1]*. A cube with
sides of lengths 0.5 has volume 0.5%, containing 50%, 25%, 12.5% of
the data for k£ = 1,2,3. The sparsity of high dimensional space

makes “local estimation,” the essence of nonparametric methods,

Slide 9 infeasible.

Alternatively, consider the flexibility afforded by a 5-piece piecewise
polynomial in 1-D. To achieve the same flexibility in 3-D, one has
125 pieces by taking products.

To control model complexity, additive models with the possible
addition of second-order interactions are popular, as with the
classical discrete ANOVA models.

/

/Conditional Independence and Graphical Models\l

For joint density f(z,y) of r.v.’s (X,Y) on X X Y, write

en(@,y) eNz+ny+nz,y
.]X dx jy e’](w»y)dy fX dx fy ez TNy +nz,y dy’

flz,y) =

where 7z, 1y, and 15, are ANOVA terms; 7y is eliminated for a one-to-one

transform. | X 1Y <=1z, =0 <= (I — Az)(I — Ay)n =0.

Slide 10

The conditional density only depends on ny + 1z,y,

en($7y) e”y‘“’%y

fy en(x,y)dy - jy eny+mc,ydy'

flyle) =

Substituting (y, z) for y above, one has

eny+772+77y,z+779:,y+77z,z+77z,y,z
f(y72|$) = f d f Ny+tNz+Ny, 24Nz, y+Nz,2+N2,y zd :
v Yy g eh Y, )2 , Y2 dz

\\(YJ_Z)|X = Nyt Ney,=0<= (I —Ay)I — Az)n=0. J
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/ Water Acidity in Lakes' \

Water acidity measurements were recorded for 112 lakes in the
Blue Ridge along with calcium concentrations in a 1984 EPA
survey. A model of the following form was fitted.

PH = 79 + 7e(cal) + 1g(geo) + 1c 4(cal, geo) + €.

The geography was treated in an isotropically invariant manner.
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/ AIDS Incubation ' \

Data concerning HIV infection by blood transfusion were collected by
CDC, which included the time X from transfusion to AIDS diagnosis
and the time Y from transfusion to the end of collection; the data are
naturally truncated with X <Y.

100

Assuming pre-truncation indepen-
dence of X and Y, the density is
given by

80

60

oMz (@)+my ()

fz,y) = '
(x,y) f0100 dy [ ens @)+, ) dg

The estimate on the left was based

time from infection to end of study

on 141 “elderly patients” of age 60

T % 4 6 8 10 Orabove

time from infection to diagnosis J

-
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