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Abstract

Penalized likelihood method offers versatile smoothing techniques in a variety of stochastic
settings, and the proper selection of the smoothing parameters and other tuning parameters is
crucial to the practical performance of penalized likelihood estimates. In this article, we study
the selection of the smoothing parameters and the correlation parameters in penalized likelihood
regression with correlated Gaussian data. We propose a simple modification of Mallows’ C'y, to
accommodate the correlation parameters, and derive a profiled version for use with unknown
variance. The proposed methods are shown to be optimal in a certain sense through asymptotic
analysis and numerical simulations. Real-data example is also presented and related issues

discussed.
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1 Introduction

Consider regression models of the form Y; = n(x;) + ¢, i = 1,...,n, where n(z) is smooth on a
generic domain in the sense that J(n) < p for some roughness functional J(n) and p > 0, and €;’s
are normal errors with mean 0 and covariance E[ee’]| = o2 ~!. The penalized likelihood method

estimates 7 via the minimization of
(Y =)W (Y —n) + 0\ (n), (1.1)

where Y = (Y1,...,Y,)%, n = (n(z1),...,n(z,))" and the smoothing parameter A controls the
tradeoff between the goodness-of-fit and the smoothness of 7; the minimizer 7, of (1.1) is the max-
imum likelihood estimate under constraint J(n) < p for some p > 0, with A being the Lagrange
multiplier. When ¢; are independent with W = I, (1.1) reduces to penalized least squares estima-
tion, which has been extensively studied in the literature; see, e.g., Wahba (1990) and Gu (2002)
for comprehensive treatments of penalized least squares regression.

The practical performance of penalized likelihood estimates depends heavily on the selection of

the smoothing parameter \; too large a A forces a parametric model in the null space of J(n) and too



small a A yields interpolation. When W is known, the generalized cross-validation (GCV) of Craven
and Wahba (1979) can be used to select A, which was shown by Li (1986) to be asymptotically
optimal, in a sense to be specified shortly. For W unknown but modeled to depend on a few
parameters, say 7, one also needs to select the correlation parameters v. The purpose of this article
is to devise methods for the joint selection of (A,7), and to establish their optimality through
asymptotic analysis and empirical simulations.

A few examples of correlation models are given below. An example of the roughness functional

J(n) will be given in Section 2.

Example 1.1 (AR(1) model) Consider a stationary first order autoregressive (AR(1)) model

for €, €; = ye;_1 + a;, where a; ~ N(0,0?) are independent and |y| < 1. One has

1 vl oy e 2 -y 1+9° -y
,yn—l ,yn—Z ,yn—S 1 0 0 0 1

Note that W here is tridiagonal. O

Example 1.2 (MA(1) model) Consider an invertible first order moving average (MA(1)) model

for €, €; = a; — ya;_1, where a; ~ N(0,0?) are independent and |y| < 1. One has

1+42 — 0 .- 0
W= : . . N (1.3)
0 0 0 - 1442

W is not available in closed forms here, but asymptotically it should be well approximated by the
expression of W~ in (1.2) for the AR(1) model. O

Example 1.3 (Longitudinal model) Consider longitudinal observations Yy; = n(xs;) + €55, j =
1,...,mg, from subjects s € {1,...,p}; n = > L_, ms. A simple model for intra-subject correlation
is €5; = asj + bs, where as; ~ N(0,0%) and by ~ N(0,0%7) are independent. In alternative notation
which we will use, one may write Y; = n(x;)+e€; and ¢; = a;+bs,, where s; is the subject identification
of the arbitrarily labeled ith observation. Ordering the observations by subject such that s; < s;
for ¢ < j, one has

Wt = I+ ydiag(Lm, 17, -, 1w, 1)), W =T — diag(am, 1n, 10, -, 0, 1, 15 ), (1.4)

mp mp

where 1,, denotes vector of 1’s of length m and «,,, = /(1 +m~). O



Smoothing parameter selection with correlated data was studied by Wang (1998), who illus-
trated the middling performance of various versions of cross-validation, in contrast to the more
reliable performance of the generalized maximum likelihood (GML) method of Wahba (1985) de-
rived under the Bayes model of smoothing splines; see also Opsomer, Wang, and Yang (2001). In
this article, we propose a modification of Mallows’ C, to accommodate the correlation parameters
in the selection process for use with a known o2, and derive a profiled version for use with an un-
known o2; Mallows’ C, was shown by Li (1986) to be asymptotically optimal for use in penalized
least squares regression with independent data. We will establish similar asymptotic optimality
of the proposed methods for use in (1.1) with correlated data, and illustrate the empirical perfor-
mances of the methods in simulation studies. Real-data example will also be shown and numerous
related issues will be discussed.

The simple longitudinal model of Example 1.3 is a special case of the general variance component
models, ¢, = a; + zin, where a; ~ N(0,0%) and b ~ N(0,0%B) are independent; for the simple
longitudinal model, zin = ez;b = bs; and B = vI,, where e, denotes the sth unit vector and I,
the identity matrix of size p x p. In general, one has W~ = I + ZBZ", where Z = (z1,...,2,)",
and W =1 — ZD'ZT, where D = ZTZ + B™!; the correlation parameters v are hidden in B.
Optimal smoothing under the variance component models was studied in Gu and Ma (2004), where
the term zin was treated as a mean component and the error term reduced to the independent
a;, and the GCV method of Craven and Wahba (1979) was used to select tuning parameters in a
doubly penalized (for n and b) least squares procedure, which is different from the procedure in
(1.1) that we will use in this article. The two procedures cover different domains of applications,
as will be noted later in the article.

The rest of the article is organized as follows. In Section 2, penalized likelihood estimation
is formulated, an example presented, and preliminary analysis conducted. Section 3 derives the
proposed methods and discusses related issues. The asymptotic optimality of the proposed methods
is established in Section 4, followed by empirical simulations in Section 5. Section 6 presents a real-

data example and Section 7 collects a few remarks.

2 Penalized Likelihood Estimation

We shall now fill in some details concerning the penalized likelihood functional in (1.1). With

Y ~ N(n,02W~1), the minus log likelihood is seen to be

1 1
— (Y =)W (Y —n) — = log [W| + = log 6> + = log 2. (2.1)
20 2 2 2

Adding an roughness penalty .J(n), dropping terms not involving 7, and absorbing o2 into the

smoothing parameter A, one gets (1.1).



The minimization of (1.1) shall be performed in a space H C {n : J(n) < oo} in which J(n)
is a square seminorm. The evaluation functional [x]n = n(x) appears in the log likelihood term,
and is assumed to be continuous in H. A space H in which the evaluation is continuous is called
a reproducing kernel Hilbert space (RKHS) possessing a reproducing kernel (RK) R(-,-), a non-
negative definite function satisfying R;(-) = R(z,:) € H, Vz € X, and (R(z,-), f(:)) = f(z),
Vf € H, where (-,-) is the inner product in H. Typically, (-,-) = J(-,-) + J(-,-), where J(,-) is the
semi inner product associated with J(-) and J(-,-) is an inner product in the null space Ny = {n :
J(n) = 0} of J(n) when restricted therein. There exists a tensor sum decomposition H = N; & H ,
where the space H; has J(n) as its square norm and an RK R satisfying J(R(z,-), f()) = f(z),
Vf e Hy. See, eg., Gu (2002, §2.1).

Example 2.1 (Cubic Spline) For z € [0, 1], a choice of J(n) is fol fi?dx, which yields the popular
cubic splines. A choice of J(f,g) is (fol fdx)(folgdw) + (fol fdm)(folgdx), yielding Hy; = {n :
fol ndx = fol ndz = 0,J(n) < oo} and the RK Rj(z1,x2) = ko(z1)ka(z2) — ka(z1 — 22), where
k, = B,/v! are scaled Bernoulli polynomials. The null space A; has a basis {1,k (x)}, where
ki(z) = — 0.5. See, e.g., Gu (2002, §2.3.3). O

It is known that the minimizer of (1.1) in H resides in the space Nj & span{R;(x;,-),i =
1,...,n}. For independent data with W = I, Gu and Kim (2002) considered the space H, =
Ny @ span{R;(zj,-),j = 1,...,q}, where {z;} is a random subset of {z;}, and showed that the
minimizer of (1.1) in H, shares the same asymptotic convergence rates as that in H, for ¢ — oo at
rates much slower than n; for cubic splines, a rate of ¢ =< n2/9

yet to be established for W # I, however.

may suffice. Convergence rates are

Without loss of generality, one may substitute an expression n(z) = 37" du ¢ (2)+>27_, ¢;&;(x)
for n(z) in (1.1), where {¢,} is a basis of N; and §;(z) = Rj(2;,x). This yields

(Y —Sd — Re)"W(Y — Sd — Rc) + nic’ Qc,

where S is n xm with the (i, v)th entry ¢, (z;), R is n x ¢ with the (4, j)th entry &;(z;) = Rj(zj, 2:),
Q is g x ¢ with the (j,k)th entry R;(zj,2), and d and c are vectors of coeflicients. Writing
Y = (ga(21), ..., ma(zn))T, one has W/2Y = A\, )WY, where

-1

STW S STWR ST

A\, y) = W2(S, R) W/ (2.2)
RTWS RTWR+n\Q RT

is known as the smoothing matrix; note that W depends on the correlation parameters v. The
smoothing matrix A(\,~) plays an important role in the selection procedures for the tuning pa-

rameters (\, 7).



3 Tuning Parameter Selection

We now devise tools for the selection of (\,7), where A may also contain smoothing parameters
hidden in J(n), such as those for tensor product splines; see, e.g., Gu (2002, Section 2.4) for tensor
product splines. Denote by n, the true mean of Y and O'QW(; ! the true covariance. A good selection
should yield a small Kullback-Leibler loss

~ 1
LX) = Eo |5 (Y ) Wy (Y =) — —log|W |- (Y 19)" Wo(Y = ng) + ; log [Wo|
1 1 _ _
= 272(170 )W, (e —n) + itr(WVWO — I) -3 log W, Wi, (3.1)

where W, spells out the dependence of W on . For W = I, (3.1) reduces to the standard mean
square error, 02L(\) = (202/n)L()\) = o 1(7],\(1‘i) —no(x:))?/n.
First consider the case with a known o2. Given W for fixed v, one may select A through the

minimization of Mallows’ C7,,

TN = %YTWVQ(I _ AWy 42T trA()\) (3.2)

where the known 7 is removed from the notation A()\). U(\) was shown by Li (1986) to be
asymptotically optimal for W = I, in the sense that U(\) — 02L(\) — €”€/n = 0,(L()\)); the result
readily extends to cases with general W that is known. It is noted that (n/202)U()\) consists of
the minus log likelihood plus a penalty term trA(\); terms in (2.1) that do not depend on A are
dropped. Adding the term —(1/2)log|W| from the minus log likelihood back into (n/202)U ()

and scaling proportionally, one may minimize

1 1 2
UN7) = —5 YW — A\, 7)) Wi/2Y — —log|Wy| + ~trA(,7) (3.3)

TLO'

to jointly select (7).
For o2 unknown, one may add the term log o from the scaled minus log likelihood back into
(3.3) and profile out o2 via 6% = {YTW,}/z(I - A()\,'y))QW%/QY}/n, yielding

1 2
V(A7) =log {n "YTWI2(I — AN, y))* WY} - ~log [W,| + ~trA(),7). (3.4)

For W =T and p = trA(\)/n = o(1), (3.4) reduces to

log { (n “IyT(1—A(A 2u} {nlYT(I - AN)’Y

=L (1+O(u2))} =log {Vi(\)(1+O(1?))},



where

YT - AN))2Y
Va(A) = {n=tr(I — aA(N))}?

for « = 1 is the GCV score of Craven and Wahba (1979); it was also shown by Li (1986) that
Vi(A) — 02L(\) — €Te/n = 0,(L(\)). An obvious drawback of (3.4) is that the third term is

bounded from above since I — A > 0, while the first term will go to —oco as A approaches I,

(3.5)

favoring interpolation. To guard against this, we shall use a modified version

2trA(N,y)

1
VelA7) = log {Y W21 = A )WY [n} = Zlog [Ws| + = o=

(3.6)

when p = trA(\,v)/n = o(1), Vai(\,y) — V(A7) = 2u2(1 + o(1)).

4 Asymptotic Optimality

We now establish the asymptotic optimality of U(A,7), V(\,v), and Vi(A,v). We first present
and prove the general theory under regularity conditions, then verify the conditions for specific
correlation models. To keep things simple, the dependence of quantities on (), ) is often dropped

from the notation where no confusion may result.

4.1 General Theory

Rescaling L in (3.1), we define a loss function

1 1 B 1 B
L= —5(mo—n)"W(no—n) + —ts(WWg ™ — ) — —log [WW;], (4.1)

no?

where n = W12AW/2Y = AY = fl(no + €) with A = W—1/2AW/2, Taking expectations in

(4.1), one has the risk function

R= L nl(1-ATW(I-A L (ATW AW Y) + LWyt - 1) — L log WY, (4.2
—WWO(— ) Wl - )%WLWT( 0)+ET( 0 _)_ﬁog’ 0 |- (£2)

Noting that

1 1 2
U=—(Y - nIW(Y —n) — = log |W| + =trd
no n n
1 . 2 . 1 1 2
= W(’?o —n) W(ng—mn)+ W(no —n) We+ ——€ We——log W+ —trd, (4.3)



some algebra yields

1 1 2 -
U—L——€e Woe+ =log|[Wo| = —ni (I —A)TWe
no n no
2( 1 77
— E{?E A WG —tI'A}
101
+ —{—QGT(W — Wo)e — tr(WWg! — 1)}. (4.4)

n o

We shall establish the asymptotic optimality of U(\,~) under the following conditions. The

conditions will be verified in a few settings in later sections.

Condition C.1 For W, in a shrinking neighborhood of Wy, as A — 0 and nA — oo, R(A,y) — 0
and nR(\,vy) — oo.

The meaning of shrinking neighborhood will be made clear later. Condition C.1 assures that the
estimates are consistent, but concedes that the typical parametric convergence rates of O(n~!) are

not achievable.
Condition C.2 i(I/Vyl/QWU_IT/T/}l/2 — 1) < puI for some positive p, = O(RY2(\,7)).

Condition C.2 requires W, to converge to W at a certain rate so that the largest absolute eigenvalue
of W, Wy ! — I is of the order O(R'/?(\,7)).

Condition C.3 {n 'trA(\,v)}2/{n"1tr42(\,v)} — 0.
Condition C.3 holds in settings where trA < trA? = o(n). Note that under C.2,
1<(1- pn)flwl/QWO—lwl/z’
which, combined with C.1, yields
n~ltrA? < nTH (1 — pn) e (APWRWIWY2) = n Tl (ATW AW (1 + o(1)) = O(R).
Condition C.3 also implies that p = n"'trA — 0, as n "trd? < n 'trd < 1.
Theorem 4.1 Under Conditions C.1-C.83, as A — 0 and nA\ — oo, one has
U ~) — L\ 7) — %vaoe + %log Wol = op(L(M\ 7).

Proof: It suffices to show that L — R and the three terms on the right-hand side of (4.4) are all of
the order o,(R). It is easy to see that

2
no? n

L-R= T — A)TW Ae + l{%eTflTW/Ie - tr(ATWAWO—l)}; (4.5)
n\ o

7



these terms are similar to the first two terms of (4.4) and shall be bounded using similar techniques.
For the first term of (4.4), one has

1 . 1 . - _
Var| —5my (I = A)! We| = ——mg (I = A)TWWg ' W(I = A)my
L+ pn ~ .
< By (1= ATW(I = Ay} = O(R*/nR) = o( R?),

where WY/2W, 1W1/2 < (1 + p,)I is used; the first term of (4.5) is similarly bounded,

1 . . 1 . _ .
Var an(l — A)Tw Ae| = mngu — ATW2 AW PW AW AW YR (T — A

< 1+Pn

< O (1= AYTWRAWVA(T - Ao} = o R), (4.6)

as A2 < I. For the second term of (4.4), noting that E[e’Ce] = otr(CW; ') and Var[e”Ce] =

204tr(CW, 1CTWyt) for any deterministic matrix C, one has

1 ~ 1 2 2 ~ _ - 1 ~ _
BE|—e A" We - gtrA] = St ATWW WAWG ) + — (e ATWWy ) — trA)?

no n
< 2(1+ pp)

P a(ATWAWGY) + Z—%(trA)Q = O(R/n) + (trA/n)20(R) = o(R?),

where [tr(A(WY2W, 'W/2 — I))| < pptrA is used; the second term of (4.5) is similar to the
variance term above but with a couple of A’s inserted as in (4.6). For the third term of (4.4), one

simply has

N

1 1
Var| —e" (W = Wo)e| = —tx(WWy ' —1)” < Pn _ o(R2).

no? n
This completes the proof. O
To establish similar results for V' (A, ) and Vi (A,7), one needs an additional condition.

Condition C.4 n~'tr(W, W' — I) = o(RY?()\,7)).
Note that Condition C.2 only guarantees that n~'tr(W, W, — I) = O(RY2()\,7)).

Theorem 4.2 Under Conditions C.1-C.4, as A — 0 and n\ — oo, one has

where K = (no?)"tel Woe — n~tlog |Wy| + logo? — 1 does not depend on (X, 7).

Proof: One only needs to prove the first equation; the second equation follows the fact that V,—V =
2u2(1 + o(1)), where u = n~'trA = o(R'/?) by Condition C.3.



Define as a function of o2,

1 1 2
U(0%) =U +logo? = W(Y — )WY —n) - alog |[W| + EtrA + log 0.

One has V = U,(62) — 1, where 62 = (Y — )T W(Y —n)/n, and (d*U./d(c?)?|52) = 1/6%. Tt
follows that

U+logo? —V —1="U,(c?) — U.(6?) = (1/26") (0 — 62)*(1 + o(1)). (4.7)

It will be shown below that (02 — 6%)? = 0,(R), which, combined with (4.7) and Theorem 4.1,
yields the theorem.
We now show that (62 — 02)% = 0,(R). Simple algebra leads to

) 1 . . 2 . .
6* = o = (1 = A)TW(I — Ay + g (T — AW (I = A)e

1T~T A lT 2
+ =T ATW(A 2I)e+{ne We—o } (4.8)

= O(R) + 0p(R) + {Op(1) + 0p(R)} + 0p(R"?) = 0,(R'/?),

where the orders of terms are mainly by the arguments in the proof of Theorem 4.1, except that

Condition C.4 is used through

I 7 912 20" -1 -1 o’ -1 2
E € We—o :Ftr(WWO WW, )—I—m{tr(WWo -}

< 204(1 + Pn)2

This completes the proof. O

4.2 AR(1) Model

We now verify Conditions C.1-C.4 for the AR(1) model of Example 1.1, with the covariance given
in (1.2). It is assumed that 7% # 1 and that v be bounded away from +1.

From (1.2), it is easy to verify that (1 —|y])21 < W, < (1 + |y|)2I, so the eigenvalues of W, are
bounded from below and above. The following lemmas play central roles in the verification of the

conditions.

Lemma 4.1 Ifl,I < VVW_1 < u,I, where Iy and u~ are positive constants, then

trfl(uy)\) < trA(\, ) < trfvl(ly/\), (4.9)
trA%(u,\) < trA%(\, ) < trA%(1,\), (4.10)



where A(N) is the smoothing matriz of (2.2) with W = I.

Lemma 4.2 Ifl,I < I/VW_1 < u.I, where ly and u- are positive constants, then

C7H(I = Alus V) < (I = AN WL (I = ANy) < Co(1 — A N2, (411)

where Cy = exp{u, (151 —uy')? 4+ (151 —uy') + 1)}

The proofs of the lemmas are given at the end of this section. The lemmas allow one to relate
quantities with those in the independent data case, which are well studied in the literature. In

particular, we summarize the most relevant results in the following assumption.

Assumption A For some r > 1, as A — 0 and nA\'/" — oo, n~Inl (I — A(N))?n, = O(\) and
trA(N) =< trA2(\) =< A71/7

Assumption A is assumed through the rest of the article; it holds in most settings of interest; see,
e.g., Craven and Wahba (1979), Wahba (1985), Li (1986), and Gu (2002, §4.2.3). For Example 2.1,
r=4.

We first verify Condition C.1. Recall R(A,~) from (4.2); only the first two terms are present for
the independent data case with W = I. By Lemma 4.1, trA%(\,7) > trA%(u,\) < A™Y/" — oo as
A — 0,80 nR(\,y) — co. By Lemmas 4.1 and 4.2, the first two terms of R(\,~) are of the order
O\ +n~'A"Y7), and from (1.2), it is easy to calculate

1 —70)? 2 —
Lawwst— 1) = (v 702) _29(y 720)
n 1 =5 n 11—

(4.12)

and log [WW; | = log{(1 —7?)/(1 — 43)}, so R(\,7) — 0 as A — 0, nAY/™ — oo, and v — 7.
Theorems 4.1 and 4.2 are only relevant when the v minimizing U (A, ), V (X, ), or Vi (A, ) converges
to 79, which we shall verify later in the section.

Since (14 [y)) 72 < Wt < (1= |y])7*T and 2(1 + |y])] — (dW/dy) > 0, one has

—1/2 —1/2 —1/2 —1/2
XT(Wy P W, Wy 2 = Dx| = |y = ol (XTWy 2 (dW /dy ] )Wy x|

<y = 70201 + [y )XWy tx < |y = 50[2(1 + [y ) (1 = [ol) 72 = Oy = 0l)

Tx = 1 but otherwise arbitrary, v* is between v and 79, and the equality is by the mean

where x
value theorem. It is clear that the largest absolute eigenvalue of (WW L— ) is of the order
O(ly — vl) = O(RY?), so Condition C.2 holds; see (4.12).

By Lemma 4.1, trA =< trA2 < A=Y/, so Condition C.3 holds.

By the definition of R(),7) and Condition C.1, n~'tr(WW; ' — I) = O(R) = o(R"?), so

Condition C.4 holds.

10



We shall now establish the consistency of the 7 estimates through the minimization of U (A, ),
V(A,7), or Vi(A,7), without assuming Conditions C.1-C.4. Simple algebra yields

9 1 N o _
%U(/\, v) = W(’?o +e)T (1 - AT (-WA-ATW + W)(I — A)(ny + €)
_1d 1o —1/20p-1/2
ndy log [W| + ntr(([ A)AW W =2, (4.13)

where £W = +dW/dy < 2(1 + |y|)I. For the first term in (4.13), collect

1 - S . - 1 .
Q) = (o + €)' (I = AT (~WA = ATW + W)(I = A)(my + €) — €' We
1 - L. . 9 - e . _
=~y (I = AT (~2W A+ W)L = Aymy+ i (1 = AT (~WA = ATW +W)(1 - A)e
+ LT ATV A 4 oW AA — 4V A — 2ATW Ad)e. (4.14)
n

It can be shown that Q()\,7) = Op(A + n A7) for A — 0, nAY/™ — oo, and all v, by the
boundedness of the eigenvalues of A, W, W~1, and +W, the Cauchy-Schwarz inequality, and
Lemmas 4.1 and 4.2; see the appendix. By Lemma 4.1 and the boundedness of the eigenvalues of
W=12WW =12 the third term in (4.13) is of the order O(n~'A~'/"). Summing up, one has for

A — 0, nA\Y" — 50, and all v,

0 . 1/1 T} d —1y—1/r
5, U = E(Pe We—%log|W|) + 0, +n AT
. d 1 1 1 —1y-1/r -1/2
- dv(ntr(wwo ) nlog|W|) + Op(A + ATV 4 71/
2
== m(’}/ - ’Yo) +Op()\ +n*1)\71/r +n71/2), (4.15)
0

where (no?) " le’We = n~tr(WW; ) +0,(n1/?) as Var[e? We| = 20*tr(WW, 'WW; ) = O(n).
Hence, 4, —Y0 = Op(A+n"" A"V +n=1/2) for the minimizer 4, of U(\,7) as A — 0 and nA'/" — oo.
Similarly, since n~!dlog |W|/dy = O(n™1),
11 .
EV(A,V) = ——€e'We+0,(A+n A"V =

62n

202 /62

—1y—1/r —1/2
=72 (v =0) +Op(A+n~ AV 4 n=2) (4.16)

50 4 — 70 = Op(A + n']A7V" 4+ n=1Y/2) for the minimizer 4, of V(),v). Parallel result for the
minimizer of V() follows trivial modification of the formulas.

The rest of the section collects the proofs of Lemmas 4.1 and 4.2.

Proof of Lemma 4.1: Write K () = aal + (1 — a)W for a € (0,1) and some positive constant
a. Define H(a) by replacing W in (2.2) with K(a) and H = K~'2HK'?; H(0) = A(\,v) and
H(1) = A(Ma). Take f(a) = trH () and differentiate with respect to a, noting that dM 1 /dy =

11



—~M~Y(dM/dy)M~! for nonsingular matrix M, some algebra yields
f(a) =to(KV2(H - H)KY2(al — W)

Setting a = u;l, f(a) <0,s0 f(1) < f(0), yielding the first inequality in (4.9); setting a = l;l,
(@) > 0, so f(1) > f(0), yielding the second inequality in (4.9). Parallel calculations with
g(a) = trH?(a) yield (4.10). O

Proof of Lemma 4.2: Write K(a) = aul'I 4+ (1 — a)W for v € (0,1); uy'I < K(a) <171
Define H(a) by replacing W in (2.2) with K(a) and H = K~'2HKY?; H() = A(\,7) and
H(1) = A(u,\).

For an arbitrary vector x # 0, define f(a) = x7(I — H)TK(I — H)x. Straightforward algebra
yields

fl(a)=x"(I-—HT"(-KH - H'K + K)(I — H)x,

where K = dK/da = u;ll — W is nonpositive definite satisfying —K < (l;1 — u;l)l. Noting that
I <wu,K and HTH < uvﬁTKI:I < u, K, one has

If/ ()] < xT(I — IET)T(K2 +HTH - K)(I — I:[)x
<uy (5 —uy )2+ (5 —ug ) + DxT(I - H)'K(I — H)x = f(a)log Cy,

or |f'(a)/ f(e)| <logC,. It follows that |log f(0) — log f(1)| < log C\, which yields (4.11). O

4.3 Block AR(1) Models

Suppose €l = (€7, .. ., eg) is decomposed into p independent blocks of sizes m, Z?:l mj = n, and
AR(1) models hold within each block with parameters v; but a common 2. Denote ¥ = max; |7;|,
which is assumed bounded away from 1. Also assume a fixed p and m;/n — r;, where r; are
fixed proportions satisfying Z§:1 rj = 1; other configurations are possible but the analysis could
be more delicate.

It is easy to see that (1 — )21 < W < (1 +%)%I, so Lemmas 4.1 and 4.2 hold. Also,

1 1 ~myf (=50 2 7505 = v50)
L D R B L
n =t e M 1=
and log [WW; | = by log{(1 - ’y?)/(l - 73270)}, where ;o are the true correlation parameters.

Using the same arguments as for the AR(1) model, Condition C.1 holds for v; — 7;0, so do
Conditions C.2-C.4. The consistency of 4, and 4,, now vectors of length p, also follows readily.
If one assumes a common correlation parameter v = 1 = --- = ,, then things also hold for

p — oo and p/n — 0.

12



4.4 MA(1) Models

Let us now consider the MA(1) model of Example 1.2, with the covariance given in (1.3). It is

assumed that v is bounded away from +1.
From (1.3), (1 — |v|)?1 < W~ < (1 +|v|)?I, so Lemmas 4.1 and 4.2 hold. Write

1 - 0o --- 0 ¥
—y 1442 —v .. 0 0 0 0 --- 0
. . . . . 00 ~
0 0 0 1 0 v

One has W = D! = D™'B(I + BTD7'B)~'BT D!, where

1 . n—1 1—~2 1 _~ntl
B'D = ! T ), BT By = — T,
=2 \ gt gm0 =22 | _

v

and W= =|D||I + BTD7'B| = (1 — ¥*"*2) /(1 — 4?). Some algebra yields

_ 2 9 92 2 1 2 4 3 1 _ 2 1
(v =) 10 277 (1+95) 770 +O(_):(v Y0) oy

1
Ztr(Wwl - = - — .
RV ) = e e T a2 Taa e T T Ty n

The same arguments used for AR(1) lead to Conditions C.1, C.3, and C4 for v — ~y. For
Condition C.2, one may use the technique in §4.2 to bound the eigenvalues §; of (W&/QWAWOI/Q—I);
the eigenvalues of (WJUQWWJUZ — I) are simply —d;/(1 + 6;).

For the consistency of 4, and 4,, one needs to bound the eigenvalues of +W. Note that
W = —W(dW=1/dy)W, £dW~"/dy < 2(1 + |y|)I, and W < (1 — |y|)~11, so the eigenvalues of
+WW are bounded. Since

2(1 —3) +2(y —0)?
(1—72)?

ALty = LOZ0 o) -

v n S 1o (Y =) +O(n™")

and n~'dlog |W|/dy = O(n™"), adaptations of (4.15) and (4.16) yield 4, —y0 = Op(A+n"TA"V7 4
n~12) and 4, —v0 = Op(A +n']A7V" 4 n71/2) as X — 0 and nAY" — oc.
Very much like the block AR(1) models, things also hold for block MA(1) models; details are

straightforward, and are omitted here.

4.5 Longitudinal Model

Now consider the longitudinal model of Example 1.3, with the covariance given in (1.4). Assume
that v € [0,7] for some 4 < co. Also assume an upper bound on m = max;m;. It is necessary

that p = n, which invalidates the theory of Gu and Ma (2004), where p can not exceed O(n'/2).

13



It is easy to see that (1 +m7y) I < W < I, so Lemmas 4.1 and 4.2 hold. Also,

1 _ 1 _ Yo — 7y P 1+myy
—tr(WWy ' — 1) — —log |[WW; | = > —§1 — 97
nr( 0 ) nog| o | n jzll—i—mﬂ 1+mﬂo
1 P (7 _70) 2
— (v — )= - L (v = C 4.17
¢ 70>n§3(1+m7> (1= 20)2C(y), (417)

]:

where v* = vy + a(y — ) for some « € (0,1), the second equality is by the mean value theorem,
and the constant C(y) < m. Condition C.1 is seen to hold for v — 7, so does Condition C.3.
The p nonzero eigenvalues of (WO_I/2WT/V0_1/2 —I) are (y0 —v)m;/(1 + m;7v), so Condition C.2
holds if C'(7) is bounded away from 0 when v — 7. Using a second order Taylor expansion for the

left-hand side function in (4.17), it is easy to verify that

1 <& m?2
C = — E J 1 j - (v - )

where v** is between ~ and g, thus C(y) > {4(1 +m7)3}~! for v — 79 < 1/(2m). Condition C.4
does not hold for all v — ~g, but does for v — vy = 0(R1/2). We will show below that 4, — vy =
Op(A +n~ "NV 4-n=1/2) = 0,(R'?) in meaningful settings, so Theorem 4.2 remains relevant.

The nonzero eigenvalues of W are —m; /(1 +m;v)?, so £W < inl. Since

2
m;

d (1 1 1<
—(=tr(WW; ) = —log|W|) = (=Y —L— (v~
adaptation of (4.15) leads to 4, — Y0 = Op(A +n"IA"V/" 4 n=1/2),

The analysis of 4, is more involved, however, as n~dlog |W|/d~ is no longer of the order O(n~!)
as for the AR(1) and MA(1) models. Following the lines of (4.15) and (4.16), one has

Ty = (g€ We — Clog W) + 00+ n'x~7)

0~ n dry
N 1 1l oo o -1 12
= ntr(WWO o) nd log |W| tr(WWO )~ < (0% =0%)+ Op(A+n" A"/ +n~/7)

= ltr(V'VW—l) _Ldy, W — U—Qltr(WW—l)ltr(WW—l -1
n 0 n dy & o2n 0 n 0
+O,(A+n "INV 4712

where all but the term n~'e’ We — 02 = n~lo?tr(WW,; ' — I) + Op(n~'/?) of (4.8) were bounded

14



by Lemmas 4.1 and 4.2; see the appendix for similar arguments. Simple calculations yield

S0 Ay — Y0 = Op(A +n~']A"Y" 4 n=1/2) if D() is bounded away from 0 in a neighborhood of ~q.
Assume that p/n < 1—24 for some fixed 8 € (0,1/2); this is true unless #{j : m; > 1} = o(n).
From (4.8), one has

62 — 2] < 0|y — 0| + Op(A + 0 ATV 4 712,

where the fact [n~tr(WW; ' — I)| < |y — ~0| was used, so 62/6% < (1 — |y — 70| + 0,(1))7" <
(1=6—|y—20|) ! for |y—0| < 1/2 and a small constant 6. Also, (1+m;7y0)/(1+m;y) < 1+m|y—0l.
it follows that for + in a small but fixed neighborhood of g,

p o’ l+miy (1_2ﬁ)1+ml'y Yol <1-3

no? 14+ mjy 1—=8—|v—"0]

note that & can be made arbitrarily small. For v in this neighborhood,

S S A (% )
nip (1+mm)? P m(1 + my)?

5 Empirical Performance

We now present some simulations to illustrate the empirical performance of Vi (\,~) and variations
thereof. U(A,7) and V(),7v) are not as useful in practice, with the former assuming a known o?
and the latter having a global minimum at A = 0.

For independent data, it is well known that Mallows’ C';, and the GCV of Craven and Wahba
(1979) may yield severe undersmoothing in up to 10% of the cases, despite their otherwise adequate
performance and the asymptotic optimality established by Li (1986). A simple multiplicative fudge
factor @ > 1 applied to the term trA as shown in (3.5) proves to be very effective in curbing
the occasional undersmoothing without affecting the general effectiveness; see, e.g., Kim and Gu

(2004). Adopting the same strategy, we consider

2trA(A, )

ey W U G

1
Va(\7y) = log {YTWI/2(I — A\, 7))’ WI/2Y /n} - ~log|[W,| +a

for some o > 1. Values of o in the range 1.2 ~ 1.4 appeared to be good default choices in simulations
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Figure 5.1: AR(1) Simulation with v = 0.6 and n = 100. Left: Performance of V,(\,y) with o =1
(faded) and o = 1.4 (normal) versus the optimal. Center: Comparison of V7 (\, ) versus Vi 4(A, 7).
Right: Relative efficacy of M (\,~) and V4 (A, y) with « =1,1.2,1.4,1.6,1.8.

in other problem settings; see, e.g., Gu and Wang (2003) and Kim and Gu (2004). We also evaluate

in parallel the performance of the GML method, the primary viable alternative, which minimizes

YIW (1 - A )WY

W= ap w2

M(X,7) (5.2)

where | - |+ denotes the product of the n — m nonzero eigenvalues and m is the dimension of the
null space Ny (cf. Section 2); see, e.g., Wahba (1985), Opsomer et al. (2001), and Kim and Gu
(2004) for the derivation of M(A,7).

5.1 AR(1) Model

Data were generated from Y; = n(x;)+¢€;, i = 1,...,n, for n = 100,200, where n(z) = 5+ 3sin 27z,
x; ~ U(0,1), and € ~ N(0,0.52°W~1()) with W(~y) as given in (1.2). Parallel experiments were
conducted with seven different values of the correlation parameter, v = 0,+0.3,+0.6,£0.9. For
each of the fourteen simulation settings, one hundred replicates were generated, and cubic splines
of Example 2.1 were calculated for each replicate with (A, ) minimizing (i) the loss L(\, ) of (4.1),
(ii) the proposed score V, (A, v) of (5.1) for « = 1,1.2,1.4,1.6,1.8, and (iii) the GML score M (X, )
of (5.2).

Shown in Figure 5.1 are some of the simulation results for v = 0.6 and n = 100. In the left
frame, the loss achieved by the minimizer (A,,7,) of Vo (A7) for @ = 1 (faded) and o = 1.4
(normal) are plotted against the minimum possible loss L(\,7,). In the middle frame, V(A7)
with a = 1 and a = 1.4 are compared against each other. In the right frame, boxplots are drawn to
illustrate the relative efficacy of V(A7) for various o along with that of M (A, ~), where relative

efficacy is defined by the ratio of the minimum possible loss over the loss achieved by the respective
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Figure 5.2: AR(1) Simulation Summary. Relative efficacy of M (A,~) (thinner boxes) and V4 (A, )

with a = 1,1.4, in order. Top: n = 100. Bottom: n = 200.
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Figure 5.3: AR(1) Simulation Summary. Estimation precision of 6 = log{(1 + v)/(1 — ~)} using

M (X, ) (thinner boxes) and V, (A, ) with o = 1,1.4, in order. Top: n = 100. Bottom: n = 200.

17



- T T T T T T > 1 - | T T— T T T T
o o | S o E I |
.90- H ! I E 90- H ! HB E
E 1 ! _é_ | E 1 5 _:_ _L | 1 | |
L |
(] (] !
.2;‘ : 8 8 1 : | | 1 | 22—— 1 8 | 1 | | [ 1
T 1+ ° ! I ! I ! ! T L+ o 3 ! L
° - 8 | N 1 T X — o o 1 L n o o
X o + o -+ X o
o T T T o T T
0 0.5 1 0 0.5 1

Figure 5.4: Longitudinal Simulation Summary. Relative efficacy of M(\,7) (thinner boxes) and
Va(\,y) with a = 1, 1.4, in order. Left: n = 100. Right: n = 200.
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Figure 5.5: Longitudinal Simulation Summary. Estimation precision of 6 = v/(14) using M (A, )
(thinner boxes) and V4 (A, y) with a = 1,1.4, in order. Left: n = 100. Right: n = 200.

methods. Parallel plots for other settings look similar. The relative efficacy of M (A, ) and V4 (A, ),
a =1,1.4, in all fourteen settings are summarized in Figure 5.2. It is clear that V,(\,7) generally

outperform M (), ). Figure 5.3 illustrate the estimation of v through M (), ) and V,, (A, ), where
the boxplots depict log{(1+4)/(1 —4)} —log{(1 +~)/(1 —~)}.

5.2 Longitudinal Model

Data were generated from Y; = n(x;)+¢;, i =1,...,n, for n = 100,200, where n(z) = 5+ 3sin 27z,
z; ~ U(0,1), and € ~ N(0,0.5°W~1(y)) with W(y) as given in (1.4) for m; = m = 5 and
p = n/m = 20,40. Parallel experiments were conducted with three different values of the correlation
parameter, v = 0,0.5,1. For each of the six simulation settings, one hundred replicates were
generated, and cubic splines of Example 2.1 were calculated for each replicate with (A, ) minimizing
(i) the loss L(A,~) of (4.1), (ii) the proposed score V,(A,7) of (5.1) for « =1,1.2,1.4,1.6,1.8, and
(iii) the GML score M (A, ) of (5.2). The results are summarized in Figures 5.4 and 5.5 in parallel

to Figures 5.2 and 5.3. The counterparts of Figure 5.1, not shown here, look similar.
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Figure 5.6: Ma(1) Simulation Summary. Relative efficacy of M (\,~) (thinner boxes) and V, (A, )
with @ = 1,1.4, in order. Top: n = 100. Middle: n = 200. Bottom: n = 400.

5.3 MA(1) Model

Data were generated from Y; = n(z;) + €, i = 1,...,n, for n = 100,200,400, where n(z) = 5+
3sin 27z, 7; ~ U(0,1), and € ~ N(0,0.5°W ~1(v)) with W (v) as given in (1.3). Parallel experiments
were conducted with seven different values of the correlation parameter, v = 0, 40.3,£0.6, £0.9.
For each of the twenty one simulation settings, one hundred replicates were generated, and cubic
splines of Example 2.1 were calculated for each replicate with (), ) minimizing (i) the loss L(A, )
of (4.1), (ii) the proposed score V,(A,7) of (5.1) for « =1,1.2,1.4,1.6,1.8, and (iii) the GML score
M(X,7) of (5.2). The results are summarized in Figures 5.6 and 5.7 in parallel to Figures 5.2 and

5.3; some of the boxeplots in Figure 5.7 are out of bounds due to the delimited vertical range made
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Figure 5.7: MA(1) Simulation Summary. Estimation precision of § = log{(1 4+ v)/(1 — )} using
M(A,~) (thinner boxes) and V,(A,7) with a = 1,1.4, in order. Top: n = 100. Middle: n = 200.
Bottom: n = 400.

to be comparable to Figure 5.3.

In contrast to the parallel results in the AR(1) and longitudinal model simulations, the overall
performance of the methods in the MA(1) model settings appear less favorable. A careful look
at the plots reveals the following: (i) for n = 100, V1(A,~) works only for v = 0 while Vj 4(), )
works for v = 0,40.3, and both are a toss-up against M(\,~); (ii) for n = 200, the methods
do work for v = 0,40.3, and the comparisons of V,(\,7v) and M (), ) follow the same pattern
as seen in the AR(1) and longitudinal model simulations; (iii) for n = 400, the methods work for
~v = 0,40.3, £0.6 and the comparisons of V,, (A, ), and M (A, ) again follow the same pattern. Also,

when the methods do work, the estimation precisions of y are similar to those in the AR(1) model
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settings as seen in Figure 5.3. It appears that the asymptotic optimality does take over eventually,
but the sample size needed for it to kick in depends on the + at work. In search for a possible
explanation for the phenomenon, we observe the fixed upper bound of W, < (1 + [y])?] < 41
for the AR(1) model and W, < I for the longitudinal model, but the “floating” upper bound of
W, < (1 —|y])72I for the MA(1) model.

It is also evident from Figure 5.7 that in the majority of the failed cases the estimation of v errs
towards the extremes, i.e., towards —1 for v < 0 and towards 1 for v > 0. It was also observed,
though not shown here, that the selected A in the failed cases was towards the smaller end, yielding

undersmoothing or interpolation.

6 Example

We now apply the techniques to a data set listed as Series A in Box, Jenkins, and Reinsel (1994,
page 541) to illustrate further aspects. The series consists of 197 chemical process concentration

readings taken at every two hours in an industrial setting. A “pure-noise” AR(2) model

Vi —p=mYi1 —p) + 2(Yico — 1) + ay,

with = 17.06, v; = 0.4245, and 2 = 0.2531, fits the data well.

We shall consider here a “signal-plus-noise” model of the form Y; = n(t) + ¢, with ¢ following
the AR(1) model of Example 1.1. Shown in Figure 6.1 are four cubic spline fits of n(t) along with
the data, where two were fitted by penalized least squares assuming independence of €; with A
selected via (3.5) for a = 1, 1.4, and two by penalized likelihood with (\,7) selected via (5.1)
for « = 1, 1.4. The four sets of tuning parameters are (log;o(nA),v) = (=5.61,0), (—4.43,0),
(—4.68,0.08), and (—3.07,0.25), in order; the second and the third fits are nearly identical. The
four sets of residuals were also collected and AR(1) models were fitted to the residuals, yielding
the estimates v = —0.06, 0.10, 0.08, and 0.26, in order, with standard errors all rounding to 0.07.
Inspections of the autocorrelation functions indicate that the first three sets of residuals are pretty
much white noise and an AR(1) model fits the fourth set well. A fifth fit was also calculated with
(X, y) selected by M (A, ), which virtually coincided with the fourth fit through Vi 4(X, 7).

In this example, the time ¢ is used both as the covariate in the regression function 7(t) and as
the index defining the correlation structure of the error €;, contrasting the separation of the two
in the simulation settings of Section 5. When the covariate is also used to define the correlation
structure of the error, the identifiability of multiple models can be problematic, and indeed the four

cubic spline fits discussed here plus the “pure-noise” AR(2) fit all appear reasonable for the data.
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Figure 6.1: Chemical Concentration. Fit with (log;,(n)),v) = (=3.07,0.25) is in solid line, that
with (—5.61,0) is in dotted line, and those with (—4.43,0) and (—4.68,0.08) are in dashed lines.
The data are in faded circles.
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7 Discussion

In this article, we proposed an effective approach to tuning parameter selection in penalized likeli-
hood estimation with correlated Gaussian data. The asymptotic optimality of the method has been
established theoretically and illustrated empirically for a few commonly used correlation models.

While the general theory is verified only in a few simple correlation models where key quantities
are analytically tractable, its validity could hold in more involved settings. In the light of the
illuminating results from the MA(1) model simulations, the upper bound on the eigenvalues of the
matrix W appears to be a deciding factor. Remember that E[e’e”] = 0?W ™!, so a tight upper
bound on the eigenvalues of W effectively keeps the correlation matrix away from singularity. In
particular, correlation models of the form W1 = 61 + V() with § > 0 and V(y) > 0 are likely
safe domains for the proposed method to work effectively.

Caution must be exercised in the practical applications of the developed technique. While
the method generally works well with correctly specified correlation structures, robustness against
misspecifications remain unknown. Model identification also remains largely a judgment call based
on the application setting rather than a data analytical exploration. When the covariate is involved
in the correlation model specification as in the example of Section 6, model identifiability remains

an issue for the interpretation of data analysis.

Appendix

In this appendix, we calculate the order of Q(A,~) defined in (4.14).

Note that W* < W, k = 1,2, for some constant ¢; as the eigenvalues of W and W1 are
bounded from above, so n~'nf (I — A)TW*(I — A)ny = O(\) by Lemma 4.2 and Assumption A.
Similarly, ATA = WY2AW~-1AW'/2 and AW 1A < o1 for some c¢a, so n~'nf (I — A)T AT A(I —
A)ny, = O()\). Combining these and applying the Cauchy-Schwarz inequality, the first term of
(4.14) is of the order O(\). Similar arguments, though a bit messier, yield the order Op,(A) for the
second term.

We now bound €W Ae in the third term. As WA = WW~Y/2AW1/2 by the Cauchy-Schwarz
inequality,

\eTWfle] < (GTWWfl/QAWfl/QWG)I/Q(ETW1/2AW1/26)1/2.

Now

E[ETWW_1/2AW_1/2W€] — tr(Aw—l/QWWJ].Ww—l/Q) — O()\—l/r)’
E[ETW1/2AW1/26] — tr(AW1/2WO_1W1/2) — O()\—l/r),

by Lemma 4.1 and Assumption A, as T/I/*1/2V.[/'T/T/0_1VVW*I/2 < 3] and Wl/ZT/VO_WVl/2 < ¢41 for
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some c3 and ¢y, 50 €/ W Ae = O,(A\~/"). Other terms can be bounded similarly but the arguments

are slightly messier. The third term of (4.14) is thus of the order O,(n~*A\=1/7).
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