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Abstract

Penalizedlikelihood method can be usedfor hazard estimation with lifetime data that are
right-censored, left-truncated, and possibly with covariates. In this article, we are concerned
with more scalablecomputation of the method and with the derivation and assessmemnof certain
interval estimates. The asymptotic corvergencerates are presened when the estimation is
restricted to certain g-dimensional spaceswith ¢ increasing at a much slower rate than the
samplesizen, and simulation studiesare performedto determine default valuesof g for practical
use; the computation cost is of the order O(ng?). Through a quadratic approximation of the
log likelihood, approximate Bayesian con dence intervals can be derived for log hazard, and
empirical studies are conducted to assessheir properties. The techniques are implemented
in open-sourceR code and real-data exampleis presered to illustrate the applications of the
techniquesthrough the use of the software.
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1 Intro duction

Censoredlifetime data are commonin life testing, medical follow-up and other studies. Let T; be
the lifetime of an item, Z; be the left-truncation time at which the item enters the study, and C;
be the right-censoringtime beyond which the item is dropped from the study, independent of each

and U; is a covariate. Assumethat T;jU; follow a survival function S(t; u) = Prob(T > tju = u).
Of interest is the estimation of the hazard function e (V) =  @og S(t; u)=@.
Penalizedlikelihood method estimates (t; u) via the minimization of
1 X xi
= i (XisWy) e Uidig+ ~J( ); 1)
n._ z: 2
i=1 !

wherethe rst term is the minus log likelihood, J( ) is a roughnessfunctional, and the smoothing
parameter cortrols the tradeo betweenthe goodness-of-t and the smoothnessof . The for-



mulation, found in Gu (1996) along with an asymptotic theory, ewolved from the work of Anderson
and Serthilselvan (1980), O'Sullivan (1988a, 1988b), and Zucker and Karr (1990), among others.
The minimizer of (1) is actually the maximum likelihood estimate (MLE) under a soft constraint
of the form J( ) for some > 0, with  being the Lagrange multiplier. With = 1 (i.e.

= 0), one enforcesa parametric model in the null spaceofJ( ),f :J( )= 0g,andas ! O(ie.

I 1), oneapproacesthe nonparametric MLE; the latter is the Kaplan-Meier in the absenceof
the covariate U. The practical performanceof the estimate hingeson the proper selectionof , for
which an e ectiv e cross-walidation procedurecan be found in Gu (2002, Section 7.2).

The minimization of (1) is in a function spacein which J( ) is de ned and nite, and under
conditions, one can establish the asymptotic corvergencerates for the minimizer of (1); seeGu
(1996). It can be shown that the minimizers of (1) in certain data-adaptive g-dimensional spaces
sharethe samecorvergencerates, with ¢ increasingwith n but at a much slower rate, say @ n%=2;
the computation is of the order O(ng?). For computational e ciency , one prefers a small g, but
to maintain the inferential e ciency of the method, one needsto keep a large enough g so as to
leave model selection primarily with  selection. One purposeof this article is to devisethrough
simulation studies somedefault g values,that are \minimally su cien t," for usein practice.

For penalized likelihood regression,Bayesian con dence intervals can be derived through the
assxiated Bayes models; see,e.g., Wahba (1983), Silverman (1985), and Gu (1992). For approx-
imations in g-dimensional spaces,the corresponding Bayes models were discussedin Kim and Gu
(2004). In this article, we derive similar interval estimatesfor the hazard estimation of (1), by using
a quadratic approximation of the log likelihood at the minimizer of (1) and the Bayes models of
Kim and Gu (2004); empirical studieswill be performed to assesghe properties of suc intervals.
Bayesian con dence intervals for penalizedlikelihood hazard estimation were previously discussed
by Joly, Commenges,and Letenneur (1998), for models parametric in the covariate U.

The rest of the article is organized as follows. In Section 2, sometechnical details concerning
(1) are briey reviewed to set the stage for subsequen dewvelopmerts. Simulation studies for the
empirical choiceof g are presened in Section3. Bayesiancon dence intervals are derived in Section
4 and their properties are assessedn Section 5. Real-data examplesare given in Section 6 using
open-sourceR code that implemernts the techniquesdeveloped. A fewremarksin Section7 conclude
the article.

2 Penalized Lik eliho od Estimation

We shall Il in somedetails concerningthe method under study. The minimization of (1) is done
in a Hilb ert spaceH on the product domain T U of time and covariate and J( ) is taken as a
square seminorm in H with a nite dimensional null spaceN ; H, where a nite dimensional



N; prevents interpolation, the conceptual equivalent of a delta sum. The evaluation functional
[t; ulf = f(t; u) is assumedto be cortinuousin f 2 H, which is necessaryfor (1) to be continuous
in its argumert . When U is a singleton (i.e., with no covariate), the formulation reducesto that
of O'Sullivan (1988a).

A spaceH in which the evaluation functional is continuous is called a reproducing kernel
Hilb ert space(RKHS) possessing reproducing kernel (RK) R( ; ), a non-negative de nite function
satisfying Ry() = R(x; )2 H,8x = (tu)2 T U, and hR(x; );f()i = f(x), 8f 2 H, whereh; i
is the inner product in H; the RK R(; ) and the space(H;h; i) determine ead other uniquely.
Typically, h; i = J(; )+ J(; ), whereJ(; ) is the semiinner product assaiated with J() and
J(; ) is an inner product in the null spaceN; = f :J( ) = Og of J( ) when restricted therein.
There exists a tensor sum decomposition H = N3  Hj, wherethe spaceH; hasJ( ) asits square
norm and an RK Rj satisfying J(R3(x; );f()) = f(x), 8f 2 H;. See,e.qg.,Gu (2002, Section2.1).

Example 1 (Cubic Spline) For U a singletonand T_= [0; 1], a choice of J( ) is Rol «2dt, which
yields the poigular cubic splines. A choice of J{f; g) is ( olf dt)( olgdt)+( 01 f_dt)(Rol gdt), yielding
Hy=f : g dt= 4 dt=0J()< 1g andthe RK Ry(t1;t2) = ka(ti)ka(ts) Ka(ts t2),
wher k = B = ! are saled Bernoulli polynomials. The null space N; hasa hasisf 1; ky(t)g, where

ki(t) =t 05. See, e.g., Gu (2002, Section 2.3.3). 2

Example 2 (T ensor Pro duct Cubic Spline) For U = T = [0;1], the construction of Exam-
ple 1 can be usal to build tensor product cubic splines. On x 2 [0; 1], one has

.Rl Zd —
0 Xx<1 =Hgp Hn H:1
R1

- .Rl — -0 Ry 2 .
= smnflg spanfki(x)g Do Ox= ydx=0; yeddx< 1l

with RKs Rgo(X1;X2) = 1, Ro1(X1; X2) = ki(X1)k1(X2), and Ry = ka(x1)ka(X2) ka(x1 X2). Taking
tensor product, one obtains nine tensor sumtermsH . = HY H®WonT U, ; = 00011, with
RKs R . (x1;X2) = R (t1;t2)R (u1;uz), wher x = (t;u). The four subspceswith ; = 00,01
are of one-dimensioneach, and can be lumped togetheras N ;. The other ve subspces can be put
togetheras H; with the RK

Ry = 001Ro0;1 + 1.00R1:00+ o1:1Ro1:1+ 1.001R1:01+ 1.1R11;

where . are a set of extra smathing parameters adjusting the relative weights of the roughness
of di er ent components.
For interpretation, the nine subsmces readily de ne an ANOVA decomposition

Cu=;+ «(O+ w(U+ (U



for functions on T U, with . 2 H)  H{Y peing the constantterm, (2 fH ) H{g H{Y the
tmaineect, ;2HY HW H"gtheumaineect and , 2H HP MY H{Yg
the interaction. One may obtain an additive model for log hazad (t; u), i.e., a proportional hazad
model, by setting y., = 0. See, e.g., (Gu 2002, Example 2.8). 2

Let N = i ", i bethe number of everts and (X; ; U, ), i = 1;:::;N, bethe obsened lifetimes
alongwith the assaiated covariates. The spaceH is usually in nite dimensional,and the minimizer
of (1) in H is in generalnot computable. To circumvent the problem, Gu (1996) proposedto use
the minimizer of (1) in an adaptive nite dimensionalspaceHy = Nj  sparfR;((X;;U;); );i =

could actually achieve the samecornvergenceratesin aspaceHq = Ny fR3(vj; );j = 1;:::; qgwith
q n2=(Pr+*  for somep 2 [1;2],r > 1,8 > 0, wherefy;gis arandom subsetof f (X; ;U; )g; the
proof, which we shall omit to minimize repetition, builds on the calculusof Gu (1996) and parallels
the treatment for density estimation in Gu and Wang (2003) and that for regressionin Gu and Kim
(2002). The constart r quanti es the smoothnessimposedby J( ): r = 4 for the cubic spline of
Examplelandr =4 ,8 > 0, for the tensor product cubic spline of Example 2. The constart
p dependson how smooth the \true" is: for the cubic spline of Example 1, p= 1if <2 is \barely"

integrable, and p= 2if © is squareintegrable.

Write j = Ry(vj; ) andlet f g™, beabasisof Nj. By de nition, a function in Hq hasan
expression
xXn Xxd
= d + gqgj= Td+ Tg (@)
=1 ]:1

where and are vectors of I1‘3unctions ar|13d d and c are vect%rs of coe cien ts. Substituting (2)
into (1), noting that J( ) = LG ok = L o gaRa(viiwk), onecalculates
the minimizer  of (1) in Hg by minimizing

1 X Z Xi

Z17(Sd + Rc) + 1 exp( {d+ [c)dt+ =c'Qc (3)
n n._ z 2
with respectto d and c, whereS isN  m with the (i; )th entry (X;;U;), RisN qwith the
(i;j)th entry (X;;U;) = Ry((X;;U;);v)), Qisq qwith the (j;K)th entry j(vi) = Ry (vj; W),
iism 1with the th entry (t;U), and ;isq 1 with thejth entry (t;U;).
Write ¢(g) = n 1 [, ini g(t; Upe GYUddt and Vs (g;h) = ¢(gh). The minimization of
(3) for xed smoothing parameters can be done through Newton iteration, which updates the



coe cien ts from the current iterate ~= T&+ e through

V. V. d _ STi=n +V. @
V. V.+Q ¢ RT1=n  +V,
whereV, = V(; T), Vv, =Vl =vVv(; ")V, =Vv(;T, = () = -()
V. =V ;~,andV. = V(;-); see e.g., Gu (2002, Section 7.1). The selection of the

smoothing parameterscan be done through an outer-loop optimization of a cross-walidation score
derived in Gu (2002, Section 7.2). The computational cost for ead step of the Newton iteration is
of the order O(ng?) + O(Idd?), wherel is the number of distinctiv e U; and d is the quadrature size
for numerical integration.

3 Empirical Choice of g

As noted in Section2, a dimensionof the order ¢ n2P"*Y* '8 > 0, is su cien t for asymptotic
eciency, wherer = 4 , 8 > 0, for (tensor product) cubic splines. Since ; > 0 can be
arbitrarily small, one may useq = knZ(“P*1) in practice. We now preseri somesimulation results
to suggestadequatevaluesof k for practical use.

With u 2 (0; 1), considergamma mixtures for the distribution of T3jU = u such that

z . - Z -
1 g0:8g s5 1 gg sS40

S(tu) = u S B ds+ (1 u) s (2402

ds:

Two setsof simulations will be preseried, onewith U; xed at u = 0:95 (th us no covariate), another

with U;  U(0:01 0:99). Censoringtimes were generatedwith distribution functions P(C < t) =
81:3 se S7125ds=12:52 for the rst setwithout covariate andP(C < t) = Rglzs s%9% s350¢s=(1 :9)5019

for the secondset with covariate; for both sets,the censoringrate was around 20%. Z; were set to

0 sono left-truncation waspreser. The cubic spline of Example 1 wasusedin the rst setand the

tensor product cubic spline of Example 2 was usedin the secondset.

The test hazards are su cien tly smooth sop = 2. Samplesof sizesn = 150, 300, 600 were
generatedfor both cases.For eat of the six samplesand every k on the grid 5(1)20, 30 di erent
random subsetsfvig  f(X; ;U )g of sizeq= kn?= were selectedto form 30 dierent Hq, and 30
di erent estimateswere calculated basedon the samedata. The Kullback-Leibler loss,

1 X ZXi

L()=KL(: )= - e (W (U)  (GU) (e e W) d

izt O

was calculated for the 30 estimates; see,e.g., Gu (2002, Sections?.2) for the derivation of KL( ; )
in this context. The results are summarizedin Figure 1 in box plots. The fact that the box width
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Figure 1: E ect of g on Estimation Consistency Boxplots of L( ) with 30di erent random subsets
fvj g of sizeq, for eadh of q = knZ=. Left: without covariate. Right: with covariate. Top: from high
to low, n = 150 300, 600. Bottom: n = 600with better resolution. The dashedlines correspond to

q=n.

gradually decreasesask increasesindicates that g n2™ is the \correct" scale. The plots suggest
that a k around 10 15 could be stable enoughfor practical use.

In practice, we suggestthe useof = kn?= with k around 10to 15 for tensor product splines;
exampleswith \barely" squareintegrable secondderivativesmay be arti cially constructed but we
doubt there are many such \true" functions in the real world.

4 Bayesian Condence Interv als

We now derive Bayesian con dence intervals for the hazard estimates of (1). Empirical coverage
properties of theseintervals will be assessedn Section 5.
Following Kim and Gu (2004), consider = g+ 1, where g hasadiuse prior in N;j and 1



has a mean 0 Gaussianprocessprior with the covariance function
E[ 1(x1) 1(X2)] = bRy (x1;vT)Q" Ry (V;x2);

wherepxl; X2 2 T UandQ® isthe Moore-PF()anroseinverseof Q = Rj(v;v'"); onemay parameterize
o= ™Myd withd diuse and ; = jq:l G j with ¢ N(0;bQ"). Setting b= 1=n , the

minimizer  of (1) in Hy is seento be the posterior mode under this prior. The Bayesiancon dence

intervals are basedon a quadratic approximation of the log likelihood at this posterior mode.

We use the parameterization of (2) and refer the function = Td+ Tc = Tb and the
coe cien ts (d7;c")T = b interchangeably Through a secondorder Taylor expansionof the second
term of (3), its quadratic approximation at ~= is seento be

1 T
%(b B) (nH)(b Db)+ C; (5)

whereH is the left-hand sidematrix in (4), BT = (&T;e") is the solution of (4), and C is a constart;
detailed calculations are tedious but straightforward, which we omit here. Note that (1) and (3)
are the minus log posterior divided by n, thus the approximate posterior of b = (d7;c™)T through
(5) is Gaussianwith meanb and covarianceH * =n. It follows that the approximate posterior mean

of xX)= (tu)is~x)= TXd&d+ T(x)e= T(x)b and the approximate posterior variance
iss?(x) = T(x)H* (x)=n, which are to be usedto construct the Bayesian con dence intervals
~x)  z-5S(x).

5 Coverage Prop erties

For penalizedlik elihood regression the Bayesiancon dence intervals derived from the Bayesmodels
demonstrate a certain frequertist across-the-function coverage property; see,e.g., Wahba (1983),
Nychka (1988) and Gu (1992). In this section, we presen simple simulation results to assesghe
coverageproperties of the intervals derived in Section 4.

Two sets of experiments were carried out with the simulation settings of Section 3, one with
and one without covariate. For ead set, one hundred replicates were generatedwith sample size
n = 300, and cross-alidated estimates were calculated using q = 15n%™° = 54. The nominal 95%
Bayesiancon dence intervals 1:96s for log hazard were calculated on the sampling points and
the coverage of the intervals were recorded. For the set without covariate, the average coverage
was 95.55%over all the sampling points and was 96.55%aover uncensoredpoints; the corresponding
numbers for the set with covariate were 90.63% and 91.62%, respectively. The empirical point-
wise mean coverage along the time line for caseswithout covariate is shown in Figure 2, with
the magnitude of the curvature je¢j superimposed. Lower coverageappearsto roughly track high
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Figure 2. Point-Wise Coverage In Simulations Without Covariate. The circles are point-wise
coverageof 95% Bayesian con dence intervals. The dotted line is the nominal coverage95%. The
dashedline depicts the magnitude of j¢j, o scale.

curvature, similar to the obsenations of Wahba (1983), Nychka (1988), and Gu (1992) in regression
settings.

Figure 3 illustrates the Bayesian con dence intervals in one of the caseswithout covariate,
superimposedwith the test hazard function, the raw data in the form of discrete empirical hazards,
and the size of the at-risk set. Note that the band is connected point-wise intervals, with no
simultaneous coverage property intended. The widths of the intervals appear to be of the proper
magnitude, and it is reassuringto seethe widening of the intervals towards the upper end of the
time axis where information from the data is vanishing.

6 Example: Australian AIDS Data

We now apply the techniquesdeweloped to analyze a real data set and illustrate alongthe way the
asseiated R code from the gss padkage by the secondauthor; timing results are also provided.
The data were extracted from the Australian AIDS Data listed in Venablesand Ripley (1999),
available in R through Brian Ripley's MAS®adageasa data frame Aids2 ; the data were originally
collected by the Australian National Center in HIV Epidemiology and Clinical Researtr. The data
consistsof 7 variables on 2843individuals diagnosedwith AIDS beforeJuly 1, 1991: state (state
of origin), sex, diag (date of diagnosis), death (date of evernt or censoring), status (censoring
indicator), T.categ (transmission category), and age (age at diagnosis). The subsetwe consider
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Figure 3. Bayesian Con dence Intervals In Simulation Without Covariate. The cross-walidated
estimate e is in solid line, the 95% intervalse 19 gre in dashedlines, and the test hazard e
is in dotted line. The faded stepsplot the empirical hazards calculated from discretized data. The
faded dotted line from above depicts the size of the at-risk set, 0 scale.



here contains the 2443 patients whose transmission was through male homosexual or bisexual
corntact and who were not dead at diagnosis;all but one patient in the subsetis male, so sex is
also removed from the covariate list along with T.categ . The time origin is set at the date of
diagnosisand we create a variable futime by subtracting diag from death. A total of 932 of the
2443 subjects, or about 38%, were censored.

With the data of 4 variables futime , status , state and age on 2443subjects stored in a data
frame aids , the following R command ts a\full factorial" log hazard model of 3 variableswith a
constart, 3 main e ects, 3 two-way interactions, and a three-way interaction:

fit0 <- sshzd(Surv(futime,status)~futime*state*age,data=aids,nbasis=85)

where state is a factor of 4 levelsand q= 150%™ = 85 is speci ed via nbasis ; seeExample 2 for
ANOVA decomposition of functions with 2 variables. The model diagnostics of Gu (2004) based
on the Kullback-Leibler projection could be usedto trim the model a bit; for example, executing
the command

nn nn

project(fit0,include=c("futime","state","age"))

revealsthat about 29%of the structure in fitO islost whenthe t is projectedto an additive model
for log hazard, (t;s;a) = .+ (+ s+ 4 seeGu (2004) for the quanti cation of the amourt
of structure in a t. After explorations with a variety of term inclusion/exclusion combinations,

it was concludedthat a model containing the terms "futime” , "state" , "age", "futime:state”
and "futime:age" plus the constart would be appropriate, losing about 3% of the structure; such

a model can be tted via
fit <- sshzd(Surv(futime,status)~futime*(state+age),data=aids,nbasis= 85)

Hazard proportionalit y doesnot hold in this model, but the two covariates do not interact at xed
time point. To evaluate the t on a grid time at state="NSW" and age=35 use

est <- hzdcurve.sshzd(fit,time,cov=data.frame(state=factor("NSW"),
age=35),se=TRUE)

where se=TRUEasksfor the standard errors s(x) derived in Section 4. Bayesian con dence limits
with anominal 95%coveragefor the hazardfunction areto be constructed via est$fit*exp(1.96*est$se)
and est$fit/exp(1.96*est$se)

Shown in Figure 4 are 8 slicesof the hazard t along with the corresponding 95% Bayesian
con dence intervals, at the quartiles of the age variable, age=31and age=43 and at the four levels
of the state variable, state="NSW" (New South Wales), state="QLD" (Queensland),state="VIC"
(Victoria), and state="Other"

For the record, fit0 and fit both took about 135 CPU minutes to compute, on an Athlon
MP2900+ workstation with 4 GB RAMS running FreeBSD 4.4 and R 1.8.1.
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Figure 4: Hazard Estimates for Australian AIDS Data. Left: age=31 Right: age=43 From top
to bottom: New South Wales, Queensland,Victoria, and others. The hazard t is in solid line and
the 95% Bayesiancon dence intervals are in dotted lines; superimposedare the other hazard t in
the samerow as dashedline and those in the samecolumn as faded lines.
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7 Remarks

In this article, we have studied the practical computation of penalizedhazard estimation via e cien t
approximation and derived and illustrated Bayesiancon dence intervals for usewith the estimates.
Open-sourceR code hasbeendevelopedto implement the techniquesand its usageis demonstrated
through real-data example.

With no covariate, the linear algebra calculations of order O(ng?) comprise the main compu-
tational load, but with covariate, the multiple integrations of order O(ldo?) typically dominate, so
the number of distinctiv e covariate valuesis a major factor determining the overall computational
cost.

While the method takesonly static covariates, time-varying covariates that are piece-wisecon-
stants can be accommalated by breaking a subject into multiple oneswith non-overlapping at-risk
periods through left truncation and right censoring.
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